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Numerical Analysis of Gear Set Dynamic Behavior

Vera Nikoli¢-Stanojevi¢”
Cemal Doli¢anin®
Dejan Dimitrijevi¢?

In this paper, one dynamic model of a real gear set has been presented. In this case, the simplified model contains two
discreet masses with elastic and damped connections. The basic principles of mechanics, with the initial and boundary
conditions taken into account, were applied in establishing a system of differential equations describing the
physicality of motion. Such system of differential equations represents a mathematical model at dynamical behaviour
of gear transmission. The established system of differential equations has been solved in a numerical way. The paper
presents the solution of the main form of oscillating and stress condition, using the finite element method.
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Introduction

N solving dynamic problems, a real engineering system is

replaced by a simplified dynamic model. This model
consists of continually or discretely positioned masses with
elastic and damped connections among individual
members.

A system of equations describing physicality of the
process of motion is set by applying the basic principles of
mechanics and taking into consideration the initial and
boundary conditions. That system of equations represents
the mathematical model of the machine or system in
dynamic behaviour.

The equations of motion of dynamic systems that are
analog to the equations of equilibrium in the static analysis,
can be derived on the basic of D'Alambert principle, the
principle of virtual displacements or Hamilton principle
[1,2,3,4,11].

In order to minimize the error in modelling dynamic
systems, it is necessary to represent the system with a
greater number of masses, i.e., degrees of freedom, [6, 10,
13, 21].

On the other hand, an increased number of degrees of
freedom make the mathematical model more complex and
the solving of a given system of equations more difficult.

Formulation of equations in the finite element
method

To formulate the equations of motion in the finite method,
we start from Hamilton variation principle, [1, 2, 3, 4].

If the total kinetic energy of the system is denoted by Ey,
the total potential energy of the internal and external forces
by IT and W denoting the work of non-conservative forces
including the damping forces too, then the Hamilton
variation principle is expressed by the term
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where L is functional Lagrange in the form
L=E -TT+W (3)

Based on the Hamilton principle it is shown that [2, 3]
"of all possible displacements which satisfy the
compatibility conditions and geometry conditions on the
contour, as well as the initial conditions at the time points t;
and t,, the real displacements are those for which the
Lagrange functional has a stationary value". In the special
case when E, = 0 and W = 0 there follows the statement of
stationarity of potential energy, that is

STI=0 (4)

which is also the initial point for formulations in the finite
element method.
Let us assume the following functional dependences

Ex =Ex (0,6 ; TI=TI(0); oW = Q54 (5)
i=11..,N

where ¢;, generalized displacements, ¢; generalized

velocities and Q; generalized non-conservative forces.
With the assumption that there is a solution, by applying

a partial integration and taking into account that oq; (t;) =
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A (t2) = 0, equation (2) is reduced to Lagrange equation of
other type, that is

d 5Ek) aEk+6H
dfch) e dl_g 6
dt(aQi oq;  Od Q ©)

Taking into account the equations for Kkinetic and
potential energy, displacements of velocity, acceleration
and deformation in the finite element expressed through
interpolation functions, as well as the expression for
damping forces, the matrix equation of motion of the finite
element is obtained in the following form

mqe+cqe+kqe:Qe (7)
In this equation

m= J NT p N dV matrix of mass of the element,
\Y

c= I NT ¢ N dV matrix of damping of the element,
\

k= I B" DBdV stiffness matrix of the element,
\%

Q. :JANT F dv +j NT F, dS vector of generalized forces
\% S

The equation of motion for the finite element system, [2,
3], i.e., the structure, is formed on the basis of the matrix
equations of motion for individual finite elements

MG+Cg+Kqg=Q (8)

where M, C and K are the matrices of mass, damping and
stiffness of the structure, and Q is the vector of generalized
forces in the nodes of the finite element system.

Determination of own vibrations of structural elements is
a separate problem often referred to as the problem of own
values or eigen problem. The result of studying free
oscillations of the system are own frequencies and own
vectors. The simplest case is the system without damping
and action of external forces so it is described by a
differential equation

M §+Kgq=0 )

If the vector of generalized nodal displacements is
expressed in the form of

g=ge'“, e'“ =cos wt+isin ot

then the matrix equation has the form of
(K-0*M)G=0 (10)

and it is a system of algebraic equations per unknown
amplitudes q . In order for this system of equations to have

solutions (apart from the trivial g = 0), it is necessary to have
the determinant of the system equal to zero, i.e., [2, 3, 7]:

K-o’M|=0 (11)

This equation is known as the characteristic equation of
the system. Solutions of this equation (roots) a?, of which
generally there are n, are represented by the squares of own
frequencies of the system or own values of the system
which we usually arrange by increasing order @? < 0t <

a>32 < oo, < a)nz. For each own value there is an own

vector @ which represents the own form or node of

vibrations.

The vectors of natural or own forms possess the
characteristic of modal orthogonality that can be expressed
by the term

- {%) iii jj} (12)

so, if the vectors @; are arranged in such a way that they

form the columns of the matrix, then the matrix obtained
represents the modal matrix which is used to transform
generalized coordinates into main coordinates.

Formation of dynamic model of gear transmission

Dynamic behaviour of gear transmission is primarily the
result of changes of external load as well as of occurrence
of internal dynamic forces. The change of external load
originates from the change of force of the power engine and
also from the very fact that in engagement single and
double mesh are alternated [2, 3, 4, 5, 6]. Additional
internal dynamic forces depend on rigidity of teeth,
displacement of profile, manufacturing errors (mesh, pitch,
shape and the others) peripheral velocity, mass of rotary
parts rigidity of twisting and bending of the shaft, etc.
Moreover, internal dynamic forces occur due to elastic
deformations of the teeth. The occurrence of internal
dynamic forces has been studied for years. In the beginning,
empirical formulas were used in these studies (Barth,
AGMA). Later, Backingham, Tuplin and others have
developed new methods for computing the internal dynamic
forces, and they have used energy methods by taking into
account the masses and rigidity of teeth. Further in the text
a model of oscillation of a gear set will be described.

Kinetic energy of discrete mass in the presented dynamic
model in case of translatory or rotary motion is expressed as

E 1mvzz%mq2 or Ek:%wz (13)

k=35
where m is the mass, J is the axial moment of mass inertia,
g and ¢ are the generalized coordinates of movement of the
points observed and ¢ and ¢ are the generalized velocities

of the corresponding coordinates of motion.

Elastic connections between the members of the
dynamic model are represented in a symbolic way by
means of torsion and flexion springs. The potential energy
of the springs is

n-lcg’ n-la(a-g) (14)
where Cc; and C, are the rigidity of the corresponding
springs.

With real dynamic systems in operation there occurs
energy loss as a consequence of the presence of resisting
forces. Energy of losses (dissipation) which defines
damping of the system in case when the damping force is in
a linear dependence from velocity, is expressed as

W=2bg? (15)

where b is the coefficient of proportionality of the resisting
forces (damping coefficient) and ¢ derivatives of

generalized coordinates.
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On the basic of Lagrange equations of other types, diffe-
rential equations of the second order are written and the
solving of this system defines the dynamic process of disc-
rete points.

Coupled gears, or single-step gear transmission, can be
represented by an oscillatory model, Fig.1, [3, 4, 8, 10, 14,
17, 18, 21] , where F, (t) denotes the initiating force, while
m,; and m,, are reduced masses of the gears.

Reduced masses of individual gears are

Ji Jo
=5 Mp=—
fh1 b2

my (16)

where J; and J, are the moments of inertia of rotary masses
and r,; and ry, are the radii of base circles at gears.
The initiating force is of the following form:

Fn (t) = FO + Flsln Ql t]_ .
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Figure 1. A simplified dynamic model of the gear set

It means that the teeth mesh is replaced by the action of a
variable force at teeth flanks F.(t) which changes in
proportion to the deformation of teeth in the mesh. It is
assumed here that the rigidity of the teeth in the mesh is
equal to the medium rigidity c.

By applying the above described procedure, [3, 21], we
can demonstrate that this model is described by a system of
differential equations

mrl X1+k (XI_X2)+CO (Xl_XZ) = Fn (t)

My X =K (X —%) —Co (% —X;) =—F, () (18)

In case the gear supports O, and O, are absolutely rigid,
the total displacement in the direction of the contact line
will be X = X3 = Xo.

The corresponding matrices for the above system, i.e. the
matrix of the damping coefficient C, the matrix of elasticity
K and the matrix of inertia M, have the following forms

ol Wele o)
M:[mrlmrj

Let us assume the homogenous part of the solution of
this system in the form, [7]
}eM

Ah
Xa A
which, by substituting in (18) gives the system of algebraic
equations which has the characteristic polynomial

Co

Co

(19)

7)

My A2 +k A1 +¢
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(20)
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=0

F(x)=

In this paper, the solutions of this polynomial are
obtained numerically.

Presentation of the solutions

A gear set with the following geometry parameters,
Table 1, is taken as an example that demonstrates the finite
element method and the modal analysis.

Table 1. Parameters of the gear set

Parameter Gear 1 Gear 2
Number of teeth 38 65

Modul 0.003m 0.003m
Standard angle 20° 20°

Material (4320 (4320

The gear geometries and the mesh of gears have been
generated automatically by using the program package
NASTRAN and discretized using four node tetrahedral
elements. The total number of nodes is 29777 and the total
number of elements is 160491 (Fig.2).

Figure 2. Gear set FME model

Boundary conditions have been defined per
displacements (all displacements at gear and shaft are equal
to zero), Fig.3. The load is specified in the contact points of
the gears (the drive power is P = 7.5 kW and the revolution
number is n =800 min™).

Figure 3. Displacement and force boundary conditions
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The first four main shapes of oscillation of the system of
two gears are shown in Fig.4, 5, 6, and 7.

Figure 5. Second mode shape, f=1650.80 Hz

Figure 6. Third mode shape (f=1755.15 Hz)

Figure 7. Fourth mode shape (1849.75 Hz)

We have further analyzed the stress and strain conditions
demonstrated in the gear set, and the results are shown in
Figs.8 and 9.

Figure 8. Strain distribution fort=0,02

Figure 9. Stress distribution for t = 0.02 by Von Mises theory

The conclusion and guidelines for further research

On the basis of the results shown in this paper it has been
concluded that the methodology developed to study the
dynamic behaviour of complex systems is very efficient. It
gives a lot of possibilities and can be easily upgraded for
analyses of other effects.

The modal analysis and the analysis of the stress and
strain conditions suggest that the system of only two gears
is very complex and that it is almost impossible to include
all the effects by such and similar research.

Further research should be directed at studying the
effects of mutual dynamic impact of teeth in engagement,
as well as at including connection between the shaft and the
gear into the dynamic model and the like.

In accordance with the present trend of application of
new materials, as in [19], the authors will in future studies
simulate the dynamic behavior of a gear made of composite
materials.

The main aim of future research will be a definition of
parameters that would lead to an increase of gear service
life, as in [15, 20, 21, 22], under cyclic loading.

Furthermore, future research will be focused on studying
the conditions under which teeth will be fractured.
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Numeric¢ka analiza dinami¢kog ponasanja zupcastih prenosnika

U radu je predstavljen uproséeni dinami¢ki model kojim se zamenjuje realan zupéati par. Uproséeni model se u ovom
slu¢aju sastoji od dve diskretne mase sa elastiénim i prigusnim vezama. Primenom osnovnih principa mehanike i
uzimanjem u obzir poéetnih i graniénih uslova, postavljen je sistem diferencijalnih jedna¢ina koji opisuje fizikalnost
kretanja. Takav sistem jednaéina predstavlja matemati¢ki model pri dinami¢kom ponaSanju zupéastih prenosnika.
Postavljeni sistem diferencijalnih jednaéina je reSen numeri¢kim putem. U radu je prikazano reSenje, glavnih oblika
oscilovanja i naponskog stanja, dobijeno primenom metode konaénih elemenata.

Kljucne reci: zupéasti prenosnik, zpéasti par, dinami¢ko ponaSanje, dinami¢ko optereéenje, sopstvene oscilacije,
matemati¢ko modelovanje, numeriéka analiza, sistem diferencijalnih jednaéina, metoda konaénih elemenata.

ndposoii aHAIN3 TMHAMUYECKOT0 MOBEIEHNS 3y0UaThIX
NMEePEHOCHBIX MEXaHU3MOB

B HacTosmeii paboTe npeacTaBjieHa ynpolleHHas JUHAMHYECKAsi Mo/ie/Ib, KOTOPOii 3aMeHsieTcsl peajibHas 3y0uaTas
napa. YopoumeHHasi MoJeJb B 1aHOM CJy4ae COCTOMT M3 JBYX JHCKPETHBIX MAacCC ¢ YIPYTHMH H JeMI(pHpyIOMMH
cBsa3amMu. C mpHMeHeHHeM OCHOBHBIX NPUHIHMIOB MEXaHMKH M YYHTHIBasi HAYa/IbHbIe H NpeJelbHbIE YCIOBHS,
yCTaHOBJIeHA cucTeMa JupdepeHIHANBLHBIX YPABHEHMIi, KOTOPasi ONMCHIBAET CIIOCOOHOCTH (PU3NYECKOr0 JABUKEHMSI.
Takasi cucTeMa ypaBHeHHii NpeACTABJsieT MATeMATHYECKYI0 MOJedb NPH AUHAMHYECKOM MOBeJAeHHH 3y04YaThIX
NepeHOCHBIX MEeXaHU3MOB. Y CTaHOB/IeHHas cucTeMa JuddepeHIHATLHBIX YPABHeHHIl pelleHa HH(POBBLIM CII0CO00M
(myTém). B HacTosieii padoTe MOKa3aHO pelIeHHe IVIABHBIX (GOpM KoJieOaHUi M COCTOSIHMI HANPSIKEHUSI, OJIYYEHO

NMpHMeHEHHEM MeT0/1a KOHe4YHbIX dementoB (MKD).

Kly~evwe slova: 3y6uarpie mepeHOCHbIE MEXAHH3MbI, 3y0UYaTasi mapa, TMHAMHYECKOe MOBeIeHHe, THHAMHYECKAS]

Harpyska, co0CTBEHbIE KO.]'leﬁaHl/lﬂ,

MaTeMaTH4Y€eCKOe

MOJeJIMpOBaHue, IIl/l(l)pOBOi/i AHAJIN3, cHCTEeMa

augdepeHIHATBHBIX YPABHEHHI, METOl KOHEYHBIX 3J1eMeHTOB.
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Analyse numérique du comportement dynamique des engrenages

Un modéle dynamique simplifié qui remplace le pair d’engrenages réel est représenté dans ce papier. Dans le cas
présent le modéle simplifié se compose de deux masses discrétes aux liens élastiques et étouffés. En appliquant les
principes basiques de la mécanique et en considérant les conditions initiales de base on a établi un systeme
d’équations différentielles qui décrit la physique du mouvement. Ce systéme d’équations représente le modele
mathématique au cours du comportement dynamique des engrenages. Le systeme des équations mathématique établi
a été résolu par la voie numérique. Dans ce travail on a présenté la solution des formes principales de I’oscillation et
de I’état de tension obtenue par I’application de la méthode des éléments finis.

Mots clés: engrenage, couple de dents, comportement dynamique, charge dynamique, oscillations naturelles,
modélisation mathématique, systeme des équations différentielles, analyse numérique, méthode des éléments finis.



