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This paper suggests a generalized approach to the mathematical modeling of biped locomotion systems (humans or 
humanoid robots) with a special attention paid to impact and contact dynamics. Modeling of impact dynamics with 
different locomotion mechanisms has a significant importance in robotics and military applications due to the 
necessity of mechanism adaptation to unknown and unstructured terrains. Instead of the usual inductive approach 
that starts from the analysis of different situations of real motion (walking, running, jumping, climbing the obstacles, 
taking up the loads, etc.) and tries to make a generalization, a deductive approach is pursued, whereby an entirely 
general problem is considered. Impact dynamics is modeled applying the Linear Complementarity Problem (LCP) 
formulation. General methodology is explained and demonstrated with humanoid robots via the synthesis of a spatial 
biped model. The validity of the modeling approach is proved by experimental measurements on a human subject in 
laboratory conditions. Plenty of graphic presentations illustrating experimental results as well as the results of the 
corresponding simulations tests are shown. 
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Introduction 
URRENTLY many researchers in biomechanics and 
robotics are dealing with different problems of 

locomotion of humans and humanoid robots [1]-[4]. The 
analysis of the foot-ground contact is essential in 
biomechanics to investigate its consequences on the human 
body. Humanoids, being the future of robotic science, are 
becoming more and more human-like in all aspects of their 
functioning. It is expected that they will replace humans in 
a variety of tasks. Thus, it is generally accepted that their 
shape and motion should be based on bio-mechanical 
principles. Broad research results from biomechanics and 
humanoid robotics are applied to military purposes building 
special robotized systems to assist soldiers or to replace 
human power by artificial robotic systems. In that sense, the 
US army (the Defense Advanced Research Projects Agency 
(DARPA)) has initialized a project entitled “Super Soldier” 
[5]. Drugs, genetic enhancements and technology would 
allow for regeneration, faster healing, muscle strength 
enhancement up to current olympic levels, endurance of an 
Alaskan sled dog, cognitive enhancement, operating 
without sleep for many days without performance 
degradation, the metabolic energy of a twenty-year old for a 
forty or fifty-year old and immunity to pain. Soldiers 
equipped with high-tech gear that make them stronger, 
swifter and smarter - invulnerable to bullets and able to 
survive the harshest conditions. Some of the ideas being 
explored include battle suits embedded with tiny devices 

that can seal against chemical attack, administer immediate 
medical care and even - no joke, scientists say - give soldiers 
the power to leap over small buildings. The Sarcos exoskeleton 
[5] (Fig.1) just needs a good powersource and engine to power 
the hydraulics for it to enhance the strength and endurance of 
someone who wears it by ten times. It should be possible for 
someone with the untethered Sarcos exoskeleton to carry and 
use heavy weapons. The person wearing the exoskeleton can 
carry 100-200kg without being tired. 

Because of the complexity and high requirements 
imposed on such robots, their control system has to utilize 
the accurate dynamic models. So, the control, the design, 
and the simulation, strongly require general dynamic 
models that will make humanoid robots and walking 
mechanisms capable of handling the increasing diversity of 
expected tasks [6, 7]. 

The paper is concerned with a generalized approach [6] 
to the modeling of biped systems. It explains the principles, 
derives the general methodology and proves the validity of 
the approach through comparison with the experimental 
results. Special attention is paid to the modeling of the 
unilateral impact/contact phenomena during a conventional 
biped locomotion. With human beings, a function of the 
footwear is supposed to attenuate the impact forces and the 
transient vibrations. To investigate this function, several 
models were proposed in the literature by assuming only 
single impact point or by assigning some viscous elastic 
properties to the shoe sole [8, 9]. It was also underlined that 
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the mechanical properties of the footwear can altered the 
gait patterns due to their influence to the sensory feedback 
[10]. Sensory feedback from the feet may affect specific 
motor unit pools during different activities [11]. The 
modeling of the interface between the foot and the ground 
is then important to understand the role of foot impact on 
the gait control or on the tissue damage. However, the 
existing contact models do not take into account the multi-
point contacts of the feet with the ground. In that sense, a 
valid model of the impact/contact dynamics is tried to be 
identified taking into account both the biped dynamics and 
the environment dynamics will be considered in the paper. 
The problem of modeling the impact dynamics is solved by 
implementing the mathematical methodology known in the 
literature as the Linear Complementarity Problem 
formulation (LCP) [12, 13]. The authors are well aware of 
the extreme complexity of the problem of modeling 
biological systems [6, 14], which stems from the 
complexity of the mechanical structure and actuation. The 
fact that the control of a biological system is a still 
insufficiently studied area contributes greatly to the 
significance of the problem. Because of that the authors 
start with the dynamic modeling of the structure of biped 
mechanisms, which yields a solid approximation of 
dynamics of the mechanical aspect of human motion. 

 

 

Figure 1. Sarcos exoskeleton [5] designed to multiply man power in 
military tasks 

Modeling of a biped locomotion mechanism 
In this paper, a biped locomotion mechanism of the 

anthropomorphic structure will be considered as a 
mechanical representative of the human body. In a 
mechanical sense, a biped mechanism represents a multi-

body, large-scale dynamic system with a variable structure. 
Thus the entire mechanism, keeping its lump mass constant, 
changes its inertial properties due to the motion of biped 
links at the joints of the arms, legs and trunk. Besides, due 
to the motion of the mechanism as well as due to the 
influence of the external disturbances acting upon the 
system or carrying the payload the contact forces and 
contact moments arise at the particular points of the biped 
mechanism. In this paper, only the contacts of the biped 
mechanism with environment at its end points (the foot is 
assumed to be rectangular) are considered [15, 16]. This, 
however, does not lower the generality of the considered 
principles of modeling of a biped mechanism.  

Let the joints of the system be such to allow n  
independent motions. Let these joint motions be described 
by joint angles forming the vector of the generalized 
coordinates 1[ ]T

nq q q= L . The terms ‘joint coordinates’ or 
‘internal coordinates’ are commonly used for this vector in 
robotics. This set of coordinates describes completely the 
relative motion of the links. With the basic link (e.g. pelvis) 
in the chain fixed, the system would have n  DOFs. 
However, the basic link in the chain is not fixed but 
allowed to perform six independent motions in space. Let 
the position of the basic link be defined by the three 
Cartesian coordinates ( ), ,x y z  of its mass center and the 
three orientation angles (ϕ -roll, θ -pitch and ψ -yaw), 

forming the vector [ ]TX x y z ϕ θ ψ= . Now, the overall 
number of DOFs for the system is 6N n= + , and the 
system position is defined by 

 1[ ] [ ]T T
nQ X q x y z q qϕ θ ψ= = L  (1) 

It is assumed that each joint has an appropriate actuator. 
This means that each motion jq  has its own drive – the 
torque jτ . Note that there is no drive associated to the basic 
body coordinates X . The vector of the joint drives is 

1[ ]T
nτ τ τ= L , and the augmented drive vector (N-

dimensional) is 16[0 ] [0 0 ]T T
nT τ τ τ= = L L . Similarly, 

with human beings muscles represent biological power-
trains. Pairs of muscles by their synchronized contractions 
and extensions move the bones of the skeleton at its joints.  

The dynamic model of the biped mechanism (humanoid) 
has the general form [6, 14]: 

 ( , ) ( , , ) ( , )
( , , ) ( , , ) ( , )

T

ccf g

H Q d Q h Q Q d J Q d F
h Q Q d h Q Q d h Q d

τ+ = +
= +

&& &

& &  (2) 

or decoupled 

 , , 6

, ,

0 T
X X X q X X

T
q X q q q q

H X H q h J F
H X H q h J Fτ

+ + = +
+ + = +

&& &&
&& &&

  (3) 

The dimensions of the inertial matrix and its submatrices 
are: ( )H N N× , , (6 6)X XH × , , (6 )X qH n× , , ( 6)q XH n× , 
and , ( )q qH n n× . The dimensions of the vectors containing 
centrifugal, Coriolis and gravity effects are: ( )h N , (6)Xh , 
and ( )qh n . The vector ( , )h Q d  consists of two vectors: the 

vector of centrifugal and Coriolis' forces ( , , )ccfh Q Q d& and 
the vector of gravity forces and moments ( , )gh Q d . 
Dimension of the vector of ground reaction, external load 
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and disturbance forces is ( 1)F m× . The dimensions of the 
Jacobi matrix and its submatrices are ( )J m N× , 

( 6)XJ m× , ( )qJ m n× . The vector ( )d l  represents a 
parameter vector including geometry (link lengths, 
positions of the link mass centers), as well as the 
corresponding dynamic parameters (link masses, moments 
of inertia) of the robotic system.  

Modeling of Foot Contact Dynamics 
Let us consider the link of the biped mechanism that has 

to establish contact with some external object. In the case 
considered, it is the foot tha moves towards the ground, 
strikes it and stays in contact (e.g. walking, running or 
climbing the stairs). An external object may be immobile 
(like ground), or mobile, like part of some other dynamic 
system (mobile platform [17, 18], conveyer, boat, tram, 
tank, etc.). To express mathematically the forthcoming 
contact, the motion of the considered link should be 
described by an appropriate set of coordinates. Since the 
link is a body moving in the 3D-space, it is necessary to 
consider six coordinates. Let this set be 1 6[ , , ]Tg g g= L and 
let call them functional coordinates (Fig.2a). Functional 
coordinates are introduced [6] as relative ones, defining the 
position of the link with respect to the ground (object) to be 
contacted. A consequence of the rigid link-object contact is 
that the link and the object perform some motions, along 
some axes, jointly (Fig.2b). These are constrained 
(restricted) directions (e.g. 3 5,g g , Fig.2b). Let there be m 
such directions. A relative position along these axes does 
not change. Along the other axes (e.g. 1 2 4 6, , ,g g g g , 
Fig.2b) a relative displacement is possible. These are 
unconstrained (free) directions. In order to get a simple 
mathematical description of the contact, g -coordinates are 
introduced to describe the relative position. The zero value 
of a coordinate indicates the contact along the 
corresponding axis. 

So, the motion of the external object (to be contacted) 
has to be known (or calculated from the appropriate 
mathematical model), and then the g -frame fixed to the 
object (the plane π  in this case, Fig.2) is introduced to 
describe the relative position of the link in the most proper 
way. Thus, in a general case, the g -frame is mobile. As the 

link is approaching the object, some of g -coordinates 
reduce and finally reach zero. The zero value means that the 
contact is established. These functional coordinates (which 
reduce to zero) are called restricted coordinates and they 
form the subvector cg  of the dimension m . The other 
functional coordinates are free and they form the subvector 

fg  of the dimension 6 m− . Now, one can write: 

 [ , ]c f Tg g K g= ⋅  (4) 

where K is a 6 6×  matrix used to rearrange the functional 
coordinates (elements of the vector g ) and bring the 
restricted ones to the first positions. In order to arrive at a 
general algorithm, the foot motion has to be described in a 
general way and, once the expected contact is specified, 
relate this general interpretation to the appropriate s -frame.  

The general description of the link motion assumes three 

Cartesian coordinates of a selected point of the link plus 
three orientation angles: [ ]T

l l l l l lls x y z ϕ θ ψ= , the 
subscript l standing for “link”. These are absolute external 
coordinates in the Oxzy reference coordinate system 
(Fig.2a).  
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Figure 2. a) Functional coordinates of the foot contact; b) Rigid frictional 
impact along the foot edge 

The relation between the link coordinates ls  and the 
system position vector Q defined in (1) is given by: 

 ( , )l ls s Q d=  (5) 

 ( , )lls J Q d Q= &&  (6) 

 ),,(),( dQQAQdQJs lll
&&&&& +=  (7) 

where  

l
l

s
J Q

∂
=
∂

 

is a 6 N×  Jacobian matrix and  
2

2
2
l

l
sA Q

Q
∂

=
∂

&  

is a 6-dimensional adjoint vector. Let us concentrate on the 
object, i.e. the ground (example of an immobile object). In 
a general case, the object is mobile, so, its position is 
described by the absolute external coordinates: 

[ ]T
b b b b b bbs x y z ϕ θ ψ= , 

the subscript b standing for “object”. 
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When the g -frame is introduced to define the relative 
position of the link with respect to the object, the 
coordinates will depend on both bs  and ls : 

 ( , )l bg g s s=  (8) 

or in the Jacobian form: 

 gl gbl bg J s J s= +& & &  (9) 

 gl gb gl bg J s J s A= + +&& && && . (10) 

where the dimension of the Jacobi matrices is 
6 6,gl gbJ J ×∈ℜ , and the dimension of the adjoint vector 

6 1
gA ×∈ℜ . Model (10) can be rewritten if the separation (4) 

and (7) is introduced. The model becomes: 

 
, ,( , ) ( , , )

c c c c c
gl l gl l gb gb
c c
g TOT g TOT

g J J Q J A J s A
J Q t Q A Q Q t

= + + + =

= +

&&&& &&

&& &
 (11) 

 
, ,( , ) ( , , )

f f f f f
l l ggl gl gb b

f f
g TOT g TOT

g J J Q J A J s A
J Q t Q A Q Q t

= + + + =

= +

&&&& &&

&& &
 (12) 

where the model matrices are: ,
c c
g TOT gl lJ J J= , 

,
c c c c
g TOT gl l gb gbA J A J s A= + +&& , ,

f f
lg TOT glJ J J=  and 

,
f f f f

l gg TOT gl gb bA J A J s A= + +&& . 
Now, we are going to elaborate one representative type 

of contact with a special emphasis on the impact phase.  

Modeling of Foot Impact 
One may recognize the three phases of contact tasks [6, 7]: 

(i) approaching,  
(ii) impact, and  
(iii) regular contact motion.  

The first phase is approaching. The link moves towards 
the object. All functional coordinates g  are free but some 

of them (the subvector cg ) reduce to zero. 
The second phase is the impact. In the preceding phase 

(approaching), the motion of the link was planned so as to 
reach the object with a relative velocity equal to zero 
(collision-free contact). This is the reference motion. 
However, the control system produces the actual motion 
different from the reference. The tracking error leads to 
collision, a non-zero-velocity contact. The impact forces 
will affect the system state – after the impact the link state 
will comply with the object state and the type of contact.  

The third phase is the regular contact motion. The 
contact forces make the link move according to the 
character of the contact. 

In contact problems, the dynamic model has to take care 
of contact forces. Model (2), derived for a free biped, 
should be supplemented by contact forces. A contact force 
acts along each of constrained axis. So, there is a reaction 
force (or torque) for each coordinate from the set cg . There 

are m independent reactions. Let 1[ , , ]T
r mF F F= L  be the 

reaction vector. If a coordinate c
jg  is linear (translational), 

then the corresponding reaction jF  is a force. For a 
revolute coordinate, the corresponding reaction is a torque.  

The contact-dynamics model is obtained by introducing 
reactions into the biped model (2): 

 ,( ) ( , ) ( , )c T
g TOT rH Q Q h Q Q J Q t Fτ+ = +&& &  (13) 

Since this model involves N scalar equations and N m+  
scalar unknowns (vectors Q&&  and rF ), it is necessary to 
supply some additional conditions. The additional condition 
is the constraint relation adapted from (11) for 

( ) 0 ( ) 0c cg t g t= ⇒ =&& , containing m scalar equations. Now, 
relation (11) is replaced with 

 , ,( , ) ( , , ) 0c c
g TOT g TOTJ Q t Q A Q Q t+ =&& &  (14) 

Then (13) and (14) describe the dynamics of a 
constrained biped, allowing one to calculate the 
acceleration vector Q&&  and the reaction vector rF  (thus 
enabling the integration and calculation of the system 
motion). 

The impact phase starts when the biped link reaches the 
surrounding object(s). Strictly speaking, the restricted 
coordinates (elements of cg ) reach zero one by one. So, a 
complex contact is established as a series of simpler contact 
effects. According to [6] the impact model is derived 
assuming that all the coordinates cg  attain zero 
simultaneously and establish a complex contact 
instantaneously. Let ct′  be the instant when the contact is 
established (restricted coordinates reduce to zero and the 
impact comes into action) and let ct′′  be the instant when 
the impact ends. So, the impact lasts for c ct t t′′ ′Δ = − . For 
this analysis we assume that the impact is infinitely short, 
i.e. 0tΔ → . We also assume that the m coordinates 

(forming cg ) reduce to zero simultaneously. We now 
integrate the dynamic model (13) over the short impact 
interval tΔ : 

 ,( )c T
g TOT rH Q J F tΔ = Δ&  (15) 

where 

 ( ) ( )c cQ Q t Q t Q Q′′ ′ ′′ ′Δ = − = −& & & & & . (16) 

During the approaching phase, the system model is 
integrated and the motion ( ), ( )Q t Q t&  is calculated. Thus, 

the state at the instant ct′ , i.e. ( ), ( )c cQ Q t Q Q t′ ′ ′ ′= =& & , is 
considered known. Since the object motion is also known, it 
is possible to calculate the model matrices c

TOTgJH ,,  in 
equation (15). The position does not change during 

0tΔ → , and hence: ( )cQ Q t Q′′ ′′ ′= = . Now, the model (15) 
(along with (16)), contains N scalar equations with N m+  
scalar unknowns: the velocity after the impact, ( )cQ Q t′′ ′′=& &  
(dimension N ), and the impact momentum rF tΔ  
(dimension m). The additional equations needed to allow a 
solution are obtained starting from the constraint relation 
(14). Integrating (14) over 0tΔ → , one obtains  
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 , ( , ) 0c
g TOTJ Q t QΔ =& . (17) 

i.e. the additional m scalar conditions. The augmented set of 
equations (15) and (17) (along with (16)) allow to solve the 
impact. The velocity after the impact, ( )cQ Q t′′ ′′=& & , is found 
starting from the known state in ct′ . The impact momentum 

rF tΔ  is determined as well. The new state ,Q Q′′ ′′&  
represents the initial condition for the third phase, i.e. the 
regular contact motion. 

Another approach, which is more realistic than an 
idealized single-point contact considered previously, deals 
with a multi-point frictional contact of the biped’s feet. In 
this case, the restricted coordinates (elements of cg ) reach 
zero one by one. The impact begins when the biped foot 
(feet) reaches the constraint surface π  as presented in 
Fig.3. A constraint in a general case can be an ordinary 
curve, prismatic or flat surface. In the impact phase, the 
restricted coordinates cg  defined in (4) become zero. The 
existence of impact can be defined by the following 
conditions: 

 ( ) 0, ( ) 0c cg t g t= ≤&  (18) 

In a general case, a foot impact to the constraint surface can 
be realized at an infinite number of points. Consequently, 
the problem would be numerically too complex. Because of 
that, a realistic approximation of the impact phenomenon 
has to be assumed. Without losing generality, four impact 
points (per foot contour 1, , 4i = K or 5, ,8i = K , see Fig.3) 
instead of an infinite number of them can be assumed. 
Here, two contact points at the heel (i.e. 1,2i =  and 

5,6i = , Fig.3) and two points at the front part of the foot 
(i.e. 3,4i =  and 7,8i = ) will be considered. Generally, 
three possible unilateral impacts are possible: (i) single-
point impact, (ii) two-points impact along the ordinary foot 
edge (e.g. the points i=5,6, Fig.3), and (iii) four-points 
impact (the case of a planar impact of the flat foot sole to 
the support). By considering the impact phenomenon as a 
series of simpler, unilateral contacts at the particular points 
one can perform a realistic analysis of the non-smooth, 
frictional biped contact dynamics.  

 Having in mind the above, some general 
assumptions should be put forward before deriving the non-
smooth, multi-point impact model: 
(i) The duration of the impact is “very short” ( ) 0t iΔ → . 
(ii) Of the impact bodies can be generally divided in two 

phases: the compression phase and the expansion 
phase. Since the foot impact is followed by the com-
pression phase, after which the biped foot stays com-
pletely or partly lying (pressed by biped weight) on the 
constraint surface, the expansion phase appears only in 
the special cases and will not be considered. The end 
of the compression phase is the start of the regular 
contact.  

(iii) While the impact takes place (in the time interval tΔ ) 
the values of all the quantities of the multi-body sys-
tem (biped mechanism) characterizing its position and 
orientation, as well as all non-impulse forces and 
torques (gravity, centrifugal and Coriolis'), remain 
constant. 

(iv) Wave effects (elastic modes in the system) are not 
taken into account. 

In the multiple-contact tasks such as a biped gait, for 
example, there may occur only one impact at one of the 
potential contact points or several impacts at several 
contacts simultaneously. The theory presented in the paper 
covers both possibilities. Here we will consider a system 
with 8Gn =  possible contact points. For this purpose four 
sets of indices are introduced to describe the kinematic state 
of each of the contacts. 
Let then: 
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K
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 (19) 

The locations of the impacts are given by the positions of 
the Gn  contact points of GΩ . SΩ  contains Sn  indices of 
the constraints with a vanishing distance but arbitrary 
relative velocities, NΩ  describes the constraints which 
fulfil the necessary conditions for a continuous contact 
(vanishing distance and zero relative velocity in the normal 
direction), and 1 2,H HΩ Ω  are those which are possibly 
sticking in two tangential directions – longitudinal and 
transversal. Numbers of elements of the sets 

1 2, , ,S N H HΩ Ω Ω Ω  are not constant because the contact 
configuration of the biped mechanism changes with time 
due to the stick-slip transitions, impacts and contact loss. 
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Figure 3. Multi-point contact of the biped links with the constraint surface 
π  - the normal ( )i

Ng  and the tangential directions ( ) ( ),i i
TtTlg g  of motion of 

the particular points 1, ,8i = K  

For each contact point from GΩ  it is possible to 
determine the distance ( ) ( , )i

Ng Q t  along the normal direction 
to the constraint surface. If one of these indicators becomes 
zero at the time instant ' ( )ct i and the corresponding relative 

velocity ( )i
Ng&  is smaller than or equal to zero, an impact 

occurs. The contact is then closed and the unilateral 
constraint is active. The set od constraints which participate 
in the impact is then given by 

 { }( ) ( )* *| 0; 0 with elementsi i
S G SN Ni g g nΩ = ∈Ω = ≤&  (20) 
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The set *
SΩ  contains all the sliding and sticking 

continuous-contact constraints ( )( ) 0i
Ng = , as well as the 

impact contacts ( )( ) 0i
Ng ≤& . This enables examining whether 

a contact separates under the influence of an impact at a 
different location i. 

In order to determine the multi-point impact model, let 
us introduce the following functional coordinates ( )ig , 

*
Si∈Ω  (see Fig.3). Instead of using the unified g ( 6 1× )-

vector of the functional coordinates (defined by (4)), the set 
of *

Sn ( 13× )-vectors of the functional coordinates 
( ) *,i

Sg i∈Ω  will be introduced. In such a way, the relative 

positions of the biped feet are determined in the ( )ig -

frames, as shown in Fig.3. The functional coordinates ( )ig  
represent relative positions of the feet points i with respect 
to the corresponding frame attached to the constraint 
surface. In that sense, the normal ( )i

Ng  and the tangential 

directions ( )i
Tlg  and ( )i

Ttg  are important. Tangential motions 

of the feet points are possible along the longitudinal ( )i
Tlg  as 

well along the transversal ( )i
Ttg  coordinate axes (Fig.3). The 

i-th vector of the functional coordinates ( ) *,i
Sg i∈Ω  can be 

written in the form: 

 ( ) ( ) ( ) ( ) *, , ,
Ti i i i

STt NTlg g g g i⎡ ⎤= ∈Ω⎣ ⎦  (21) 

Bearing in mind the vector form (21), three components 
of impact forces can be defined in the same directions. 
They are: the normal impact force iNF  in the ( )i

Ng -direction 
of the restricted motion and the tangential impact forces 

,i iTl TtF F  in the longitudinal ( )i
Tlg - and transversal ( )i

Ttg -
directions. In a physical sense, the considered tangential 
forces represent the corresponding stiction or friction 
(sliding) forces acting in the plane that represents a 
constraint. The ( )3 1×  vector iCF  of the impact force acts 

at the i-th contact point iC , *
Si∈Ω  and can be defined in 

the form: 

 *, , ,i i i i

T
C Tl Tt N SF F F F i⎡ ⎤= ∈Ω⎣ ⎦  (22) 

The positions of the contact points *,i SC i∈Ω  are always 
in the constraint area (or belong to the object that represents 
a constraint), and they are determined in the inertial 
coordinate system Oxyz . Let now ( )ct i′  be the instant when 
the i-th contact point of the foot and the constraint is 
established (i.e. when the restricted coordinate in the 
normal direction ( )i

Ng  reduce to zero ( ) 0i
Ng =  and the 

impact comes into action 0iCF > ) and let ( )ct i′′  be the 
instant when the impact of the i-th point ends. So, the 
impact lasts for the time period ( ) ( ) ( )c ct i t i t i′′ ′Δ = − . 

When the ( )ig -frame (defined by (21)) is introduced to 
determine the relative position of the i-th contour point at 
the foot with respect to the position of the contact iC  (lying 

in the constraint plane π , Fig.3), the coordinates ( )ig  

depend on both external coordinates 
iCs  and 

isπ : 

 ( ) ( ) *( , ),i i
i i

SCg g s s iπ= ∈Ω  (23) 

( , ) , , ii i i

Tyx z
CC C Cs Q t s s s⎡ ⎤= ⎣ ⎦  and ( ) , , ii i i

Tyx zs t s s sππ π π⎡ ⎤= ⎣ ⎦ are 

( 13× )-vectors that define position of the contact iC  of the 
biped foot as well as position of the corresponding point of 
the constraint surface π  to be reached during the impact. 
The positions iCs  and isπ are determined with respect to 
the inertial coordinate system Oxyz  (Fig.3). Then, a 
Jacobian form can be written as: 

   ( ) ( ) ( ) ( ) *, , ,i i i

Ti i i i
gC g STt NTl Cig g g g J s J s iπ π⎡ ⎤= = + ∈Ω⎣ ⎦& & & & & &  (24) 

Equation (24) can be projected onto the ( )ig -frame axes 
)(i

Ng , ( ) ( ),i i
TtTlg g  (Fig.4). For this purpose three 3 1×  unit 

vectors , ,i ii l tn t t% %%  (collinear with the corresponding 

axes ( )i
Ng , ( ) ( ),i i

TtTlg g  of the i-th system) are introduced. Then, 
equation (24) can be re-written in a scalar form: 

 

( )

( ) *

( )

,
,

i ii i

i i i ii i

i i i ii i

i T T
i gC i gN C

i T T
l gC l g STl C

i T T
t gC t gTt C

g n J s n J s
g t J s t J s i
g t J s t J s

π π

π π

π π

= +

= + ∈Ω

= +

& % & % &

% %& & &

% %& & &

 (25) 

where ,i igC gJ J π are the 3 3×  Jacobian matrices defined in 
(24). The motion of the constraint surface isπ& (in the case 
when it is mobile) is either prescribed or calculated from a 
separate mathematical model of the object (constraint). If 
the following kinematic relations are introduced: 

 *( , ),i i SC Cs s Q t i= ∈Ω  (26) 

 *( ) ,ii C SCs J Q Q i= ∈Ω&&  (27) 

then equations (25) can be expanded to acquire the form: 

 

( )

,

( )

,

( )

,

( )
,

( )
,

( )

i i i i

i i

i i i i i i

i i

i i i i i i

i i

i T T
i gC C i gN
N N
gC TOT g

i T T
l gC C l gTl

Tl Tl
gC TOT g

i T T
t gC C t gTt

Tt Tt
gC TOT g

g n J J Q Q n J s
J Q A

g t J J Q Q t J s
J Q A

g t J J Q Q t J s
J Q A

π π

π

π π

π

π π

π

= ⋅ + =
= +

= ⋅ + =
= +

= ⋅ + =

= +

&& % % &

&

&% %& &

&

&% %& &

&

      *
Si∈Ω  (28) 

where 
( )i

i
C

C
s Q

J Q
∂

=
∂

 is a ( )3 N×  Jacobian matrix defining 

the dependence of the linear velocity iCs&  of the i-th point 

iC  as a function of the generalized coordinates Q& ; 

, ( )i ii
N T

i gC CgC TOTJ n J J Q= % , , ( )i i ii
Tl T

l gC CgC TOTJ t J J Q= %  and 

, ( )i i ii
Tt T

t gC CgC TOTJ t J J Q= %  are the ( )1 N×  total Jacobian 

matrices; i ii
N T

i ggA n J sπ ππ = % & , i i ii
Tl T

l ggA t J sπ ππ = % &  and 
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i i ii
Tt T

t ggA t J sπ ππ = % &  are the corresponding adjoint scalars from 
(28). 

Taking into account the previous consideration, as well 
as the contact force vector (22), the contact-dynamics 
model (13) can be rewritten in the form that includes multi-
point contact effects: 

 
* *

*

, ,

, 0

i ii i

S S

ii

S

N T Tl T
N TlgC TOT gC TOT

i i
Tt T

TtgC TOT

i

H Q h J F J F

J F
∈Ω ∈Ω

∈Ω

+ − ⋅ − ⋅ −

− ⋅ =

∑ ∑
∑

%&&

 (29) 

where h h τ= −%  is an ( 1)N ×  vector taking into account the 
gravity and centrifugal effects, as well as the driving 
torques at the biped joints. Kinematic and dynamic relations 
(28) and (29) represent the basis for the development of the 
impact model of the biped gait. Let us write them in a 
matrix notation: 

 
N NN

Tl TlTl
TtTtTt

g W
g W Q

Wg

ω
ω
ω

⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦⎣ ⎦

& %
& %&

%&

 (30) 

 0
N

T T T
N Tl Tt Tl

Tt

F
H Q h W W W F

F

⎡ ⎤
⎢ ⎥⎡ ⎤+ − ⋅ =⎣ ⎦ ⎢ ⎥⎣ ⎦

%&&  (31) 

where: 
T

n
NNN

Sggg ⎥⎦

⎤
⎢⎣

⎡= )()1( *
&K&& ,  

T
n

TlTlTl
Sggg ⎥

⎦

⎤
⎢
⎣

⎡
= )()1( *

&K&& , 

*(1) ( )S
T

n
Tt TtTt

g g g⎡ ⎤= ⎢ ⎥⎣ ⎦
& & &K are ( )* 1Sn ×  integrated vectors of 

the relative body (foot) velocities in the normal and 
tangential coordinate directions of motion; 

1 *, ,nS

T
N N

N gC TOT gC TOTW J J⎡ ⎤=⎢ ⎥⎣ ⎦
K , 

1 *, ,nS

T
Tl Tl

Tl gC TOT gC TOTW J J⎡ ⎤=⎢ ⎥⎣ ⎦
K  

and 
1 *, ,nS

T
Tt Tt

Tt gC TOT gC TOTW J J⎡ ⎤= ⎢ ⎥⎣ ⎦
K are the Jacobian matrices 

determined for the motions in the normal and tangential 

directions; 
1 *
...

nS

T
N N

N g gA Aπ πω ⎡ ⎤= ⎢ ⎥⎣ ⎦
% , 

1 *
...

nS

T
Tl Tl

Tl g gA Aπ πω ⎡ ⎤= ⎢ ⎥⎣ ⎦
% , 

1 *nS

T
Tt Tt

Tt g gA Aπ πω ⎡ ⎤= ⎢ ⎥⎣ ⎦
% K are ( )* 1Sn ×  vectors of the adjoint 

scalars defined in the kinematic relations (30); 

1 *...
nS

T

N N NF F F⎡ ⎤=⎢ ⎥⎣ ⎦
, 1 *...

nS

T

Tl Tl TlF F F⎡ ⎤=⎢ ⎥⎣ ⎦
, 1 *nS

T

Tt Tt TtF F F⎡ ⎤=⎢ ⎥⎣ ⎦
K  

are ( )* 1Sn ×  vectors of normal and tangential impact forces. 
After integrating equation (31) over the impact period 

*,i i ic c c St t t i′′ ′Δ = − ∈Ω , the following expression is derived: 

 ( )
( )
( ) 0
( )

N c
T T T
N Tl Tt Tl c

Tt c

t
H Q Q W W W t

t

′Λ⎡ ⎤
⎢ ⎥′′ ′ ′⎡ ⎤− − ⋅ Λ =⎣ ⎦ ⎢ ⎥′Λ⎣ ⎦

& &  (32) 

Here ( ), ( ), ( )N c Tl c Tt ct t t′ ′ ′Λ Λ Λ  are the impulse 
momentums in the normal and tangential directions which 
are transferred during the impact. They can be defined in 
the following way: 

1 1 * *

1 1 * *

1 1 * *

, ,

, ,

,

n nS S

n nS S

n nS S

T

N N c N c

T

Tl Tl c Tl c

T

Tt Tt c Tt c

F t F t

F t F t

F t F t

⎡ ⎤Λ = Δ Δ⎢ ⎥⎣ ⎦
⎡ ⎤Λ = Δ Δ⎢ ⎥⎣ ⎦
⎡ ⎤Λ = Δ Δ⎢ ⎥⎣ ⎦

K

K

K

 

Knowing that ( )cQ Q t′ ′=& &  and ( )cQ Q t′′ ′′=& &  are the 
instances of start and termination of the impact, the relative 
velocities at these instants can be defined: 

 

( )
( ) ;
( )

( )
( )
( )

c N NN

c Tl TlTl
TtTtcTt

c N NN

c Tl TlTl
TtTtcTt

g t W
g t W Q

Wg t

g t W
g t W Q

Wg t

ω
ω
ω

ω
ω
ω

⎡ ⎤′ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥′ ′= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥′ ⎣ ⎦⎢ ⎥⎣ ⎦⎣ ⎦
⎡ ⎤′′ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥′′ ′′= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥′′ ⎣ ⎦⎢ ⎥⎣ ⎦⎣ ⎦

& %
& %&

%&

& %
& %&

%&

 (33) 

From the relations defined in (33), it is possible to derive 
the following functional dependence between the relative 
velocities in two characteristic instances ct′  and ct′′  of the 
impact. Then: 

 ( )
( ) ( )
( ) ( )
( ) ( )

c cNN N

c Tl cTl Tl

Ttc cTt Tt

g t g tW
g t W Q Q g t

Wg t g t

⎡ ⎤ ⎡ ⎤′′ ′⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥′′ ′′ ′ ′= − +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥′′ ′⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

& &
& && &

& &

 (34) 

Expressing the Q Q′ ′′−& &  from (32) and including it in 
(34), the model of the unilateral multi-point impact of the 
biped locomotion system is derived:  

 

1
( ) ( )
( ) ( )

( )( )

( )
( )
( )

c N N cN
T T T

c Tl N Tl Tt Tl cTl
Tt cTtcTt

cN

cTl

cTt

g t W t
g t W H W W W t

tWg t

g t
g t
g t

−

⎡ ⎤′′ ⎡ ⎤ ′Λ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥′′ ′⎡ ⎤= ⋅ Λ +⎢ ⎥ ⎣ ⎦⎢ ⎥ ⎢ ⎥′Λ⎢ ⎥′′ ⎣ ⎦⎢ ⎥⎣ ⎦⎣ ⎦
⎡ ⎤′
⎢ ⎥′+ ⎢ ⎥
⎢ ⎥′⎣ ⎦

&

&

&

&

&

&

(35) 

The model (35) consists of *3 Sn  scalar equations for *6 Sn  
unknowns. Thus, sn3 conditions must yet be formulated in 
order to determine the transferred impulses 

( ), ( ), ( )N c Tl c Tt ct t t′ ′ ′Λ Λ Λ  and the relative velocities 
( ), ( ), ( )c c cN Tl Tt

g t g t g t′′ ′′ ′′& & &  at the end of the impact.  
The normal impulse of compression results from 

integration of the normal force over the phase of 
compression: 

 *lim ,
Ci

i i
c ci i

Ci

t

N N St t
t

F dt i
′′

′ ′′→
′

Λ = ∈Ω∫   (36) 

where, due to the unilateral character of contact constraint, 
only compressive forces are possible: 

 ( ) 0 [ , ]i i iN c cF t t t t′ ′′≥ ∀ ∈   (37) 

Thus, integrating (36) the normal forces with the 
property (37) results in non-negative values of the normal 
impulses: 
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 *0,iN SiΛ ≥ ∈Ω  (38) 

If the impulse (38) is transferred, then the corresponding 
contact participates in the impact and the end of 
compression is given by ( ) 0i

Ng =& . Thus, the allowed 

velicities correspond to ( ) 0i
Ng ≥& . The overall behavior can 

be expressed by the single complementarity condition [12, 
13]: 

 
( )

( ) *
0; 0;

0;
i

i

i
N N

i
N SN

g
g i

Λ ≥ ≥
Λ = ∈Ω

&

&
 (39) 

The model (35) should be supplemented by Coulomb's 
friction law. The tangential impulse can be derived in a 
similar way as equation (36), by integration: 

*lim ; lim ;
C ci i

i i i i
c c c ci i i i

C ci i

t t

Tl Tl Tt Tt St t t t
t t

F dt F dt i
′′ ′′

′ ′′ ′ ′′→ →
′ ′

Λ = Λ = ∈Ω∫ ∫  (40) 

Now, we state a tangential impact law in the longitudinal 
direction ( )i

Tlg  as [12]: 

 

*

( )

( )

( )

;
0 case of stiction
0 case of friction
0 ase of friction

i i

i i

i i

i i

Tl i N S
i

Tl i N Tl
i

Tl i N Tl
i

Tl i N Tl

i
g
g
g c

μ
μ
μ
μ

Λ ≤ Λ ∈Ω
⎧ Λ < Λ ⇒ =
⎪Λ = + Λ ⇒ ≤⎨
⎪Λ = − Λ ⇒ ≥⎩

&

&

&

 (41) 

as well as in the transversal direction ( )i
Ttg : 

 

*

( )

( )

( )

;
0 case of stiction
0 case of friction
0 case of friction

i i

i i

i i

i i

Tt i N S
i

Tt i N Tt
i

Tt i N Tt
i

Tt i N Tt

i
g
g
g

μ
μ
μ
μ

Λ ≤ Λ ∈Ω
⎧ Λ < Λ ⇒ =
⎪Λ = + Λ ⇒ ≤⎨
⎪Λ = − Λ ⇒ ≥⎩

&

&

&

 (42) 

Also, the dissipative character of eqs. (41) and (42) 
should be stressed out: 

 ( ) ( ) *0; 0;i i
i i

Tl Tt STtTlg g iΛ ≤ Λ ≤ ∈Ω& &  (43) 

Thus (41) and (42) should be regarded as independent 
tangential impact laws in two orthogonal tangential 
directions (longitudinal and transversal) which coincide 
with Coulomb's friction law [12] and contain all the main 
physical effects of dry friction. With (39), (41) and (42) the 
missing *3 Sn  impact conditions are found and the problem 
is closed in a mathematical sense, i.e. the number of 
unknows in the model (36) is equal to its order. 

The dynamic equations (32), (41), (42), together with the 
corresponding kinematic relations (34) of the system, can 
be stated as an LCP formulation. Because of the system 
discontinuity (expressed by eqs. (41) and (42)), due to the 
non-smooth stiction/friction characteristics, the LCP 
approach should be applied to both directions - the normal 
and the tangential. Initially, this demands decomposition of 
the friction characteristics (41) and (42), i.e. the 
decomposition of tangential characteristics according to 
[12, 13]. The basic idea for decomposing friction 
characteristic is to formulate each of the tangential 
constraints by two simultaneously appearing constraints. 
Each of them transfers only one part of it. Both constraints 
transmit the tangential force TliF  ( )TtiF  by splitting it into 

the portions ( )
TlF +  and ( )

TlF −  ( ( )
TtF +  and ( )

TtF − ) in the positive 
and negative tangential directions [12], respectively. Then, 
the state TliF  ( )TtiF  can be written in the folowing way:  

 1

2

( ) ( )

( ) ( )

,
,

i i i

i i i

Tl HTl Tl

Tt HTt Tt

F F F i
F F F i

+ −

+ −

= − ∈Ω

= − ∈Ω
 (44) 

The values ( )
TlF +  and ( )

TlF −  ( ( )
TtF +  and ( )

TtF − ) are not 
arbitrary but must be chosen in  such a manner that the 
tangential force TliF  ( TtiF ) always lies in the convex set 

iTlC ( iTtC ) defined in the following way. The admissible 
values of the tangential forces TliF  and TtiF  form the 
convex sets iTlC  and iTtC  which are bounded by the values 
of the normal force [12]:   

 
{ }
{ }

| ,
| ,

i i i i i

i i i i i

Tl Tl i N Tl N

Tt Tt i N Tt N

S

C F F F F
C F F F F
i

μ μ
μ μ

= − ≤ ≤ +
= − ≤ ≤ +

∈Ω
 (45) 

If the tangential forces TliF  and TtiF  are in the interior of 
the sets iTlC  and iTtC , then the continual sticking appears 

in both directions (the longitudinal ( ) ( )0, 0i i
Tl Tlg g= =& &&  and 

the transversal ( ) ( )0, 0i i
Tt Ttg g= =& && ). Otherwise, the tangential 

forces TliF  and TtiF  lie at the boundaries of iTlC  and iTtC  

and allow transition to sliding by arbitrary values of ( )i
Tlg&&  

and ( )i
Ttg&&  in the oposing directions. This can be ensured by 

restricting the values of ( )
TlF +  and ( )

TlF −  ( ( )
TtF +  and ( )

TtF − ) to  

 

{ }
{ }
{ }
{ }

1

2

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

| 0 ,

| 0 ,

| 0 ,

| 0 ,

ii i i i

ii i i i

ii i i i

ii i i i

i NTl Tl Tl Tl

i N HTl Tl Tl Tl

i NTt Tt Tt Tt

i N HTt Tt Tt Tt

F C F F F

F C F F F i

F C F F F

F C F F F i

μ

μ

μ

μ

+ + + +

− − − −

+ + + +

− − − −

∈ = ≤ ≤

∈ = − ≤ ≤ ∈Ω

∈ = ≤ ≤

∈ = − ≤ ≤ ∈Ω

 (46) 

For each of the new variables ( )
TlF +  and ( )

TlF −  ( ( )
TtF +  and 

( )
TtF − ) the connections to the tangential relative acceleration 
( )i
Tlg&&  ( ( )i

Ttg&& ) should be defined in order to bring the system to 
the LCP formulation. Fig.4 presents the decomposition of 
the friction characteristic (the longitudinal commponent) 
according to [12]. Similar graphs are obtained for the 
characteristic in the transversal direction but they are not 
depicted separately. 

The decomposition shown in Fig.4 enables the LCP 
formulation by using the resulting inequlities and 
complementarity conditions, together with the dynamic 
equations derived previously. Following the decomposition 
procedure shown in Figures 4c and 4d one obtains [12]: 

 ( ) ( )
0

( ) ( )
0

i i

i i

ii i

ii i

Tl i Tl

Tl Tl i

i NTl Tl

i NTl Tl

g z g
g g z
F F F
F F F

μ
μ

+ −

+ −

+ −

− +

= −
= −
= −

= −

&& &&

&& &&
   1Hi∈Ω  (47) 

Similar relations can also be written for the accelerations 
and tangential forces in the transversal direction. The 
physical meaning of the auxilary variables iz+  and iz−  is 
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obvious by this set of equations. They denote just the 
positive as well as the negative parts of accelerations, and 
they have been introduced merely for the reason of 
distinction. From (47), the following equivalencies hold: 

ii Tlz g+ += && , ii Tlz g− −= && . The terms ( )
0iTlF +  and ( )

0iTlF −  are called 
friction saturations (in the longitudinal direction) and stand 
for the differences of the maximal transferable and actual 
tangential forces. When they vanish, a transition to sliding 
is possible. Finally, the complementarity conditions, that 
are presented in Fig.4d, can be defined in the following 
way: 
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Figure 4. a) Complementarity of normal contacts; b) Friction 
characteristics during contact; c), d) Decomposition of the friction 
characteristic in two steps [12] 
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i i i i
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i i
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Tl Tl Tl Tl
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&& &&
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   1Hi∈Ω  (48) 

The set of relations (48) describes in full the 
decomposed friction characteristics which correspond to 
four unilateral constraints. Equations (44) - (48) have to be 

used for each of the potentially sticking contacts 1Hi∈Ω . 
Now, the impact model is fully determined by the 

corresponding kinetics (32) and kinematics equation (34) of 
the biped locomotion system, the impact law in the normal 
direction (39), and the tangential impact characteristics (41) 
and (42). In order to determine the model unknowns (the 
transferred impact impulses ( ), ( ), ( )N c Tl c Tt ct t t′ ′ ′Λ Λ Λ , as 
well as the impact velocities ( ), ( ), ( )c c cN Tl Tt

g t g t g t′′ ′′ ′′& & & ) the 
LCP formulation will be applied [12,13]. For that purpose, 
because of the non-smoothness and discontinuity of the 
friction dynamics, the decomposition of the tangential 
relative velocities ( ), ( )c cTl Tt

g t g t′′ ′′& &  and tangential impact 

impulses ( ), ( )Tl c Tt ct t′ ′Λ Λ  is performed in a way described 
by (44)-(48) [12]. Finally, the impact model of the biped 
gait is defined in an LCP form. For establishing equations 
for the LCP, (44), (47) and (48) should be integrated over 
the impact interval tΔ . Then the following relations are 
obtained: 
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and 
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All tangential impulses TlΛ  of the impact contacts 
*
Si∈Ω  can be defined as a vector difference: 
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Then, taking into account eqs. (32) and (34), the 
following LCP relation can be derived: 
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where the matrices and vectors used have the forms: 
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* *
S Sn nE ×∈ℜ  is a unit matix and 

* *
S Sn n

Sμ
×∈ℜ  is a 

diagonal matrix consisting of the coefficients of friction iμ . 
The dimensions of the vectors and matrices used in (52) 
are: ,Ng&  ,Ag&  

*5 1Sn
C

×Λ ∈ℜ , 
*5 SN n

SW ×∈ℜ , 0 ,CTΛ  
*4 1Sn

Cz ×∈ℜ . 
Relation (52) represents the standard LCP formulation of 

the impact law that can be written in a general form: 
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T

n
y A x b y x y x
y x R
= + ≥ ≥ =
∈

 (53) 

Its solution 5 5,S Sn ny x∈ℜ ∈ℜ  contains all unkonown 
contact impulses and velocities during the impact. Lemke's 
algorithm [19] can be used as an efficient numerical solver 
of (53). 

Experimental Background and Simulation 
With the aim of identifying a valid model of the biped 

locomotion system of the anthropomorphic structure, 
experiments were carried out in a caption motion studio. 
For this purpose, a middle-aged (36) male subject, 190 cm 
tall, weighing 84.0728 kg, of normal physical constitution 
and functionality, played the role of an experimental 
antropomorphic system whose model was to be identified. 
The subject's geometrical parameters (the lengths of the 
links, the distances between the neighboring joints and the 
particular significant points on the body) were determined 
by direct measurements or photometrically. The other 
kinematic parameters, as well as dynamic ones, were 
determined on the basis of the tables, recommendations and 
empirical relations given in [20, 21], which resulted from 
the biometric measurements on a broad human population. 
The selected subject, whose parameters were identified, 
performed a number of motion tests (walking, staircase 
climbing, jumping), whereby the measurements were made 

under the appropriate laboratory conditions. The 
characteristic laboratory details are shown in Fig.5. The 
VICON-460 caption motion studio equipment was used 
with the corresponding software package for processing 
measurement data. To detect positions of the body links 
fluorescent markers where placed at the characteristic 
points of the body (Figures 5a and 5b). Continual 
monitoring of the position markers during the motion was 
performed using six Vicon high-accuracy infra-red cameras 
with the recording frequency of 200 Hz (Fig.5c). Reactive 
forces of the foot impact/contact with the ground were 
measured on the force platfrorm (Fig.5d) with a recording 
frequency of 1.0 Khz. To mimic a rigid foot-ground contact 
a 5-mm thick wooden plate was fixed to each foot (Fig.5b). 
This yielded significant neutralization of the elastic effects 
due to the rubber footsole and realization of a quasi-rigid 
contact of the foot and the ground. 

A moderately fast walk ( 1.25 [m/s]v = ) was considered 
as a typical example of a contact task which encompasses 
all the elements of the phenomenon of mechanical impact 
and regular foot-ground contact. Reactive forces and 
moments measured on the right foot in its stepping on the 
measurement platform in the experimental walk are shown 
in Fig.6. Having in mind the experimental measurements on 
the biological system and, based on them further theoretical 
considerations, we assumed that it is possible to design a 
bipedal locomotion mechanism of a similar 
anthropomorphic structure and with defined (geometric and 
dynamic) parameters. However, at the present level of 
technological development this is not possible, first of all 
because of the lack of adequate actuators. Still, in 
theoretical considerations, this assumption is taken as 
conditionally true, presuming that the technological 
advancement will soon enable the synthesis of artificial 
muscles that look like the human ones. In this way, the 
research problem is placed in the frame of mechanics of 
rigid bodies, using the available mathematical apparatus 
appropriate for this scientific discipline. 

 
a) 

 
b) 
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c) 

 
d) 

Figure 5: Experimental capture motion studio in the Laboratory of 
Biomechanics (University of La Reunion, CURAPS, Le Tampon, France): a) 
Measurements of human motion using fluorescent markers attached to a human 
body; b) Wooden plates as the feet soles used in locomotion experiments; c) 
Vicon infra-red camera used to capture the human motion; d) 6-DOFs force 
sensing platform – sensor distribution at the back side of the plate 

The objective of this section is to demonstrate how the 
application of theoretical results (mathematic model) 
presented in Section 2.1 gives the possibility to reproduce 
the physical behavior of a biological system (human) with a 
relatively high accuracy. In this sense, we started from the 
assumption that the system parameters were determined 
with a satisfactory accuracy and that they reflect faithfully 
characteristics of the biological system. 

 

 
Figure 6: Experimentally measured ground reaction forces and moments 
on the right foot of the subject under laboratory conditions (Fig.5) 

Bearing in mind mechanical complexity of the structure 
of the human body, with its numerous DOFs, we adopted 
the corresponding kinematic structure (scheme) of the biped 
locomotion mechanism (Fig.7) to be used in the sequel. We 
have proved through the simulation results that the 
complexity of the model shown in Fig.7 is capable to 
reproduce with a relatively high accuracy any 
anthropomorphic motion – dynamic gait, climbing and 
descending the staircase, jumping, etc. The adopted 
structure has three active mechanical DOFs at each of the 
joints - the hip, waist, shoulders and neck; two at the ankle 
and wrist, and one at the knee, elbow and toe. The fact is 
that not all available mechanical DOFs are needed in 
different anthropomorphic movements. In the example 
considered in this work we defined the nominal motion of 
the joints of the legs and of the trunk. At the same time, the 
joints of the arms, neck and toes remained immobilized. On 
the basis of the measured values of positions (coordinates) 
of fluorescent markers in the course of motion (Figures 5a, 
5b) it was possible to identify angular trajectories of the 
particular joints of the bipedal locomotion system. The 
identified trajectories of the system's joints were 
differentiated with respect to time, with a sampling period 
of 0.001[ms]tΔ = . In this way, the corresponding vectors 
of angular velocities and angular accelerations at the joints 
of the system were determined. 

 
Figure 7. Kinematic scheme of a 38-DOF biped locomotion system used 
in simulation as the kinematic model of the human body referred to in the 
experiments 

Animation of the gait of the biped locomotion system 
shown in Fig.7, for the identified joint trajectories, is 
presented in Fig.8 through the several characteristic 
positions. The motion simulation shown in Fig.8 was 
determined using a kinematic model of the system [6].  

The biped starts from the state of rest and then makes 
four half-steps stepping with the right foot on the platform 
for force measurement. Feet of the biped mechanism in 
particular moments strike the support. Simulation of the 
kinematic and dynamic models was performed using 
Matlab and [23, 24]. 
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The mechanism feet describe their own trajectories 
(cycloids) in the Cartesian coordinate system by passing 
from the state of contact with the ground (zero position) to 
free motion state (position above zero, Fig.9). The functional 
coordinates (Fig.3), defining the relative position of the foot 
contour points with respect to the constraint surface π , 
change their values alternately in accordance with the motion 
of the right and the left leg (Fig.9). The hodographs of the 
functional movements of the coordinates of contour points on 
the left and right feet (calculated on the basis of the system 
kinematic model (5) - (8)) are presented in Fig.9. 

 

 

Figure 8. Snapshots of the computer simulation of the biped locomotion in 
several characteristic instants for the experimentally captured joint trajectories 

Using relations (9), (24) and (25), the corresponding 
rates of change of functional coordinates were determined 
(Fig.10). They were used to define directly the impact 
model in the form of an LCP mathematical formulation.    

 

 

Figure 9. Functional coordinates ( )i
Ng determining the relative positions of the 

right and left feet contour points i=1,..,8 with respect to the support in the 
normal direction 

The calculations based on the dynamic system model 
and models presented in Subsections 2.1 and 2.2 gave the 
ground reaction forces , ,x y z

r r rF F F  for several half-steps 
illustrated in Fig.9.  

The magnitudes of contact reaction forces in the 
directions normal to the ground and in the tangential 
(longitudinal and transversal) directions are given in Fig.11. 

The encircled area DETAIL “A” shown in figure 
represents the time-history of change of the contact force 

z
rF  calculated on the basis of the model for the instants 

coincide with the instants when the real system (subject) 
was on the force-measuring platform (Fig.11, from 1.19t =  
to 1.56t = [s]). By analyzing the graphs presented in 
Fig.11, the following gait phases can be distinguished. At 
the beginning, the biped locomotion mechanism stands 
(rests) on both legs, whereby the contact forces on the left 
and right feet balance around the equilibrium value, equal 
to one half of the system weight, 412 [N]G ≅ . After that, 
the biped starts to move, whereby the swing phase and the 
contact phase (the foot on the ground) are realized 
alternately. In the upper graph of Fig.11 it is possible to 
observe clearly the periodicity of steps succession that 
results in the change of contact force from zero value to the 
jerk, amplitude variation in the form of an M-function, and 
force vanishing. At the same time, the tangential forces too, 
exhibit their periodic character and dependence of the 
normal force of the foot pressure on the ground. Because of 
the presence of the wooden plates on the feet, whose 
coefficient of dry Coulomb's friction is approximately 

0.1μ ≈ , the amplitudes of longitudinal and transversal 

forces are relatively small, , 100 [N]x y
r rF F ≤ . 

The accuracy of the considered model depends greatly 
on the identification accuracy of kinematic and dynamic 
parameters of the system. Under assumption that the 
precision of the laboratory measurements of movements 
was high and the trajectories of the biped joints were well-
identified, the experimental results and results of simulation 
of the model dynamics should coincide or deviate 
minimally.  

In Fig.12 the contact forces obtained by direct 
measurement on the platform and by model simulation are 
compared. As it can be seen, simulation results show the 
expected similarity to the experimental ones in respect of 
the shape of the function. Certain deviations of the 
amplitude magnitude (in the form of time lag) are a 
consequence of the presence of numerical noise in signal 
processing as well as of the application of the numeric filter 
which introduces certain time lagging.  

In the control applications with the biped locomotion 
mechanisms using the dynamical model special attention 
should be paid to the quality of processing of the signals 
obtained by experimental measurements. A precise model 
identification is very important task. Also, high-quality 
filtering of numerical noise is needed.  
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Figure 10. Derivatives of the functional coordinates (velocities) in the normal and tangential (longitudinal and transversal) directions of the feet 
displacements according to the point designations assumed in Fig.3 
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Figure 11. Model-based ground reaction forces at the right and the left 
foot during locomotion 

 

Figure  12. Comparison of the experimentally measured ground reaction 
force and the model-based force in the direction normal to the support 

Summary 
The work presents a general approach to modeling of 

biped locomotion systems. A special attention is paid to 
modeling impact dynamics and regular contact of the foot 
and the ground. The mechanical impact is of essential 
importance in various locomotion activities such as free 
walk, climbing/descending the staircase, jumping, etc. The 
problem of impact modeling is solved using the LCP 
mathematical formulation, known in the theory of rigid 
body mechanics. The validity of the derived model is tested 
by comparison with the experimental measurements on a 
human subject under laboratory conditions. Some 
characteristic results of experimental measurements of 
human gait are presented. The corresponding measurements 
served as the basis for determining joint trajectories of a 
hypothetic locomotion mechanism of anthropomorphic 
structure and parameters. The results of simulation of the 
biped system model are compared with the experimental 
ones. Similarity of the simulation and experimental results 
confirmes the validity of the derived model of the biped 
system considered in contact with the support as a 
geometrical constraint. The results of the research 
performed in the paper are necessary for building human 
egzoskeletons potentially to be implemented with military 
tasks for increasing man-power capabilities.  
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Modeliranje fenomena udara kod dvonožnih lokomocionih 
mehanizama – Teorija i Eksperimenti 

U radu se predlaže jedan opšti pristup matematičkom modeliranju dvonožnih lokomocionih sistema (čoveka i 
čovekolikih robota) s specijalnom pažnjom posvećenom udarnoj i kontaktnoj dinamici. Modeliranje udarne dinamike 
kod različitih lokomocionih mehanizama ima značajnu ulogu u robotici kao i vojnim primenama zbog neophodnosti 
adaptacije mehanizama na nepoznate i nestruktuirane terrene. Umesto uobičajenog induktivnog pristupa, koji 
počinje od analize različitih situacija realnog kretanja (hoda, trčanja, skokova, penjanja na prepreke, podizanja 
tereta, isl.) i pokušava da pravi generalizaciju problema, u ovom radu se bavimo jednim deduktivnim pristupom 
rešavanju kod koga je razmatran celovit problem pa su onda razmatrane specifičnosti. Dinamika udara je 
modelirana primenom tzv. Linear Complementarity Problem (LCP) formulacije. Demonstrirana je i objašnjena 
jedna opšta metodologija primenjiva kod humanoidnih robota na bazi sinteze prostornog modela dvonožnog sistema. 
 Valjanost jednog ovakvog pristupa modeliranju je potvrđena eksperimentalnim merenjima na ljudima u 
laboratorijskim uslovima. U radu su prikazani grafički prikazi koji ilustruju eksperimentalne rezultate merenja kao i 
rezultate odgovarajućih simulacionih testova.  

Ključne reči: robotika, lokomotorni sistem, modelovanje sistema, matematičko modelovanje, kontaktna dinamika, 
kontaktno opterećenje, udarno opterećenje. 

Modelirovanie fenomena udara u dvunogih lokomocionnwh 
mehanizmov - Teori} i &ksperimentw 

V nasto}|ej rabote predlagaets} odin ob|ij podhod  k matemati~eskomu modelirovaniy dvunogih 
lokomocionnwh sistem  (~eloveka i intellektualxnogo robota) so specialxnwm vnimaniem, posv}|ënwm 
udarnoj i kontaktnoj dinamike. Modelirovanie udarnoj dinamiki  u razli~nwh lokomocionnwh 
mehanizmov imeet zna~itelxnuy rolx v robototehnike, a v tom ~isle i v voennwh primeneni}h, radi 
neobhodimosti prisposobleni} mehanizmov k neizvestnwm i nestrukturnwm  mestnost}m. Vmesto 
privw~nogo indukcionnogo podhoda, na~inay|ego s analiza razli~nwh situacij realxnogo dvi`eni} 
(hoda, bega, prw`kov, podnimani} na prep}tstvi}, podnimani} gruza... i.t.p.) i popwtay|ego sdelatx 
obob|enie problem, v nasto}|ej rabote predstavlen dedukcionnwj podhod k razre{eniy s 
rassmatrivaniem celostnoj problemw, a potom otdelxnwh specifi~nostej. Dinamika udara modelirovana 
primeneniem tak nazwvaemoj Linear Complementerity Problem (LCP) formulirovkoj. Zdesx pokazana 
i rastolkovana odna ob|a} metodologi} primenima u intellektualxnwh robotov na osnovanii sinteza 
obqëmnoj modeli dvunogoj sistemw. Spravedlivostx odnogo takogo podhoda k modelirovaniy obosnovanna 
i dokazana &ksperimentalxnwmi izmereni}mi na lyd}h v laboratornwh uslovi}h. V rabote predstavlenw 
grafiki, illystriruy|ie &ksperimentalxnwe rezulxtatw izmerenij, a v tom ~isle i rezulxtatw 
sootvetstvuy|ih imitiruy|ih  ispwtanij.  

Kly~evwe slova: robototehnika, lokodvigatelxna} sistema, modelirovanie sistemw, matemati~eskoe 
modelirovanie, kontaktna} dinamika, kontaktna} nagruzka, udarna} nagruzka. 

Modélisation des phénomènes d'impact pour les mécanismes de 
locomotion bipède -Théorie et Expériences 

Cet article suggère une approche généralisée à la modélisation mathématique des systèmes ayant une locomotion 
bipède (humains ou robots humanoïdes) avec une attention particulière portée à l’impact et à la dynamique du 
contact. La modélisation de la dynamique de l’impact pour des mécanismes divers de locomotion présente un intérêt 
significatif en robotique et pour les applications militaires en raison de l’adaptation nécessaire des mécanismes à 
l’incertitude des terrains accidentés. Au lieu de l’approche inductive qui débute par une analyse de différentes 
situations rencontrées dans le mouvement réel (marche à pied, course, bond, franchissement d’obstacles, transport de 
charges, etc…) et qui tente ensuite d’en faire une généralisation, une approche déductive est proposée, où le problème 
général est considéré. La dynamique de l’impact est modélisée sous forme d’un problème de complémentarité linéaire 
(LCP). La méthodologie générale est expliquée et démontrée avec un robot humanoïde via la synthèse d’un modèle 
bipède. La validité de l’approche de modélisation est confirmée par des mesures expérimentales sur un sujet humain 
dans les conditions de laboratoire. De nombreuses présentations graphiques illustrant les résultats expérimentaux 
aussi bien que les résultats des simulations correspondantes, sont présentées. 

Mots clés: robotique, système locomoteur, modélisation du système, modélisation mathématique, dynamique du 
contact, charge de contact, charge d’impact. 
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