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The finite element method is the most universal and the best known one among numerical methods. However, for
solving problems with specific conditions, such as singularities in the case of fracture mechanics and the crack
growth, the EFG (Element-Free Galerkin) and the X-FEM (Extended Finite Element Method) are the methods that
have advantages in comparison to the standard FEM. In this paper, we have shown the numerical simulation of the
crack growth in the steam turbine housing using standard FEM, X-FEM and EFG method. For calculation of the
stress intensity factors (SIFs) we used the J-integral. In this paper equivalent domain integral (EDI) method for
evaluation of the J-integral is presented. The J-EDI method for determining SIFs in the standard FE, the X-FE and
the EFG framework is used. Using the developed software, the stress intensity factors of the steam turbine housing
were calculated and compared with the corresponding results obtained with conventional FEM software.
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Introduction

HE finite element method is widely used in industrial

design applications and many different software
packages based on FEM techniques have been developed. It
has proved to be very well suited for the study of crack
initiation and crack growth [1].

Over the past few decades, several approaches have been
proposed to model crack problems: method based on
quarter-point finite elements [2]. To avoid the re-meshing
step in crack modeling, diverse techniques were proposed:
the incorporation of a discontinuous mode on the element
level [3], a moving mesh technique [4], and an enrichment
technique based on a partition-of unity X-FEM.

The essential idea in the extended finite element method
is to add discontinuous enrichment functions to the finite
element approximation using the partition of unity. An
overview of the developments of the X-FEM method has
been given by Karihaloo and Xiao [5].

In the X-FEM, the enrichment functions are added to the
finite element approximation for representing the inter-
element discontinuous field. The basis of the X-FEM
method is presented in [6, 7]. The approximation space is
extended to contain an additional family of functions that,
in some cases, are able to represent the discontinuity of the
solution. The X-FEM is based on the Partition of Unity
(PU), a class of methods where a direct modification of the
displacement approximation is involved. A Near Tip (NT)
function, and the Heaviside function are used to enrich the
finite element approximation in the X-FEM. We used 6x6
Gauss quadrature for the integration of enriched elements.

The EFG method has been applied to fracture mechanics
problems, i.e. to quasi-static and dynamic fracture. The
basis of the EFG method is presented in [9, 10, 11].

In this paper the equivalent domain integral (EDI) method
for evaluation of the J-integral is presented as well as a
procedure for calculation of the stress intensity factors (SIFs).
The J-EDI numerical method is very useful for defining the
SIFs parameters. This method could be also applied for post-
processing in the FE framework as well as in the EFG
method and the X-FEM approach. The results of the stress
intensity factor calculations and fatigue life estimations using
the X-FEM are compared with singular quarter-point (QP)
elements [16, 17, 20] and good agreements are obtained.

Determination of the SIF usingthe J-EDI method

The contour J-integral [12] is not in the best-suited form
for finite element calculations. Therefore, we transform the
contour integral into an equivalent domain form. The
equivalent domain integral method (EDI) is an alternative
way to obtain the J-integral. The EDI approach has the
advantage that the effect of body forces can be included
very easily. The contour integral is replaced by an integral
over a finite-size domain [13, 14, 15]:

Ji :L(O'zf”i,l ~Wéy)q,d4  i,j=12. 1

where W is the strain energy density given by:
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W= %Gi‘gi' = %Cy’klgklgij (2)
and n; is the component of the outward normal vector to the
contour integration I'y around the crack tip, o;; is the stress
tensor, ¢; is the strain tensor, Cyy is the constitutive tensor,
u; are the components of the displacement vector, where the
g; is the derivate of the weight function per coordinates x.
With the isoparametric finite element formulation the
distribution of q within the elements is determined by a
standard interpolation scheme with the use of the shape

functions hi:
9= ho, 3
=]

where Q; are the values of the weight function at the nodal
points, and m is the number of nodes. The spatial
derivatives of g can be found using the usual procedures for
isoparametric elements.

The equivalent domain integral in 2D can be calculated as a
sum of the discretized values of egs.(1), [13, 14, 15, 16]:

.
_ o, g (0K, “)
Ji = Z Z{[a(,a—)(k—Wé}v)ﬁjdet(am H w,

elements p=1
in A

r

The terms within [-], are evaluated at the Gauss points with
the use of the Gauss weight factors for each point are w,. The
present formulation is for a structure of homogeneous material
in which no body forces are present.

The J-integral evaluation in this paper is used for
calculating SIFs in FEM, EFG and X-FEM.

The displacement approximation in the X-FEM

The displacement approximation u(x) in the X-FEM is
decomposed into a continuous and an enrichment part, as:

u(x) =Ucop (X) + e (X) > (5)

where: the continuous displacement approximation

u’,(x) = ZN (X)u; is the standard approximation in the

FEM, and wu,,,(x) is the enrichment part of displacement
approximation near the crack, (see Fig.1).
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Figure 1. Enrichment nodes near the crack

In the particular instance of 2D crack modeling, the
enriched displacement approximation is written as [6, 7, 16]:

wh () =Y N (H(X)a; + Y Ni(x)F, ()b, a=1.4 (6)

TeNy, IeN)

where N,, I=(1, N) are the finite element shape functions;
H(x) is the Heaviside function, and F,(x), o=(1.4) are the

Westergaard asymptotic Near-Tip (NT) functions:

E(r,9)=ﬁsing,

Fy(r,0) =rsin g sin®, Fy(r,0) =7 cos g sin 4,

F,(r,0)= x/;cosg,
(7

where are: r(x) and 6(x) polar coordinates of the point x.
The polar coordinate system is attached to the crack tip.
In the equations (6) a; are additional degrees of freedom

associated with the Heaviside (discontinuous) function, b are
additional degrees of freedom associated with the Westergaard
asymptotic crack-tip functions, N, is the number of nodes per

elements enriched by the Heaviside function and N is the
number of nodes per elements enriched by the NT functions.

The EFG interpolation of thedisplacement field

In the EFG method, due to the application of the MLS

(moving  least-square)  approximation, displacement
u(x,y,2z) =u"(x) is [18]:
W'(x)= " p,(¥) a;(x) =p () a(x) ®)
=

where p(x) are the basic functions of the coordinates of free
points, and afx) are the coefficients, which are the
functions of the spatial coordinates x. In general case, the
basis functions for two-dimensional problems (in this
paper, we have used the linear base m =3):

p'(x)=[Lx,y] )

The coefficients a(x) in (8) for every point x have been
obtained by minimization of the middling form:

20=) w B’ x)am-u' P (10)
I1=1

and have the value:

ax)= A" (x) PPW(x)u (11)

where: #' is the displacement of the free point 7, w/(X) is
the weight function of the free point /, and # is the number
of free points which influence the integration point, Fig.2.
Matrix A has been defined in the following way:
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Figure 2. Free points domain in relation to the integration point
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A(x)=P"W(x)P (12) L
where: l
wy =w;(X—X,) 0y (13)
and
P, =p; (14)

In the EFG method, the weight functions w/(x) are
generally monotonously falling functions of the
distance||x—x; ||. These functions influence to the
displacement »"(x). This is obvious when a(x) from (13) is
replaced in (8). In this paper, we used the following form of
the weight function [4]:

7(511 )Zkl _[dmaxj ]2k1
c
e* —e
I = Ymaxy

widy=y ] (15)

c

0 d; > di, a) crack length of30 mm

where d; =|x—x,| is the distance from free the point x; to

the interpolated point x, and d,,,, defines the maximal

- 0B EEEEEY s
area of weight function influence for each free point -
influence radius. The coefficient ¢ has been differently
defined in literature. In this paper, we have used a
definition according to [19]:

C=a diyy, (16)

In this case, the recommendation for the value of « is 0.4.
According to [4] we have adopted a value for the
coefficient K;= 1.

Numerical examples

Detailed validations of the X-FEM method in fracture
mechanics and comparissons with quarter-point (QP)
singular finite elements are given in references [16, 17].

This X-FEM methodology is used and implemented in
the PAK software [8] based on the standard finite element b) crack length of 40 mm
approximation. In this example the stress intensity factor of
the crack located in a steam turbine housing is calculated.
Due to the fact that there is no analytical solution for this
example, the numerical results obtained with EFG and X-
FEM were compared with the corresponding ones obtained
using the standard FEM.

The first step was generating a 2-D FE model of the
lower housing part with insulation. After that, following
steps were carrying out:

- Calculate the temperature field in the nominal regime as
well as the corresponding stress field;
- Calculate the stress and strain fields of the turbine for dif-

ferent crack lengths (20-60 mm);

- Analyze influence of the crack length on the correspond-
ing stress field as well as on the stress intensity factor;

The calculation of the SIF for the crack in the steam turbine
housing is performed using the standard FEM, EFG method
and X-FEM. In the standard FEM and EFG method, a 2D
mesh with eight nodes per element is used. The number of
Gauss’ integration points in both methods is 2x2. In the X-
FEM, linear four-node elements are used and 6x6 Gauss
quadrature only in the part of the domain with enriched 7. ¢) crack length of 50 mm
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d) crack length of 60 mm

Figure 3. Effective stress field for a number of crack lengths by the FEM
and EFGM

The effective stresses for the 2D turbine model without
insulation, for a number of crack lengths using the FEM
and the EFGM are shown in Fig.3.

Effective stress fields for the 2D turbine model without
insulation, for a number of crack lengths using the X-FEM
are shown in Fig.4.

The crack path is independent of the mesh structure, as it
is shown in Fig.4. The crack growth is considered in 8 steps
as well as in reference [15].

a) crack length of 30 mm

b) crack length of 40 mm

~

c) crack length of 50 mm

Hi

crack length of 60 mm

Figure 4. Effective stress fields for a number of crack lengths using the X-
FEM

The results shown in Fig.5 were obtained using the
standard FEM, EFG and X-FEM. The J-EDI approach for

defining stress intensity factor was used in those
methodologies.
[1]
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Figure 5. Relationship between the stress intensity factor K; and the crack
length

We have displayed only the opening mode stress
intensity factor, K, because it is dominating in this
example. In the Fig.5, the relationship between the stress
intensity factor K; and the crack length is shown. Increasing
the crack length from 20 mm to 60 mm causes increasing of
the stress intensity factor, as illustrated in Fig.5.

Conclusions

In order to investigate different methodologies and their
influence on the result in calculation of a real construction,
we have written the program in FORTRAN and integrated
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in PAK. The developed program is based on the standard
FEM, EFGM and X-FEM.

As it can be seen in the shown example, the FEM and
the EFGM give better results than the X-FEM, but
generally, the results are very similar. Therefore, in
practical usage, calculation of a real structure, any of these
methods can be applied. The advantage of the X-FEM
related to the standard FEM is feasibility to use the fixed
finite element mesh, whereby the crack growth is
independent of the mesh.

Also, we can see, by the virtue of the obtained results,
that the order of interpolation of the finite element has
greater influence on the results than the order of the Gauss
quadrature. The difference in numerical results could be
addressed to a different order of element interpolation,
which is used in the X-FEM and the EFG.
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Analiza Sirenja prsline kod realnih konstrukcija primenom X-FEM i
EFG metodama

Metoda konacnih elemenata je univerzalna i jedna od najpoznatijih numeri¢kih metoda. Medutim, za re§avanje
problema sa specificnim uslovima, kao $to su to singulariteti u slu¢ajevima mehanike loma i kod Sirenja prsline EFG i
X-FEM metode imaju prednosti u poredenju sa standardnom metodom kona¢nih elemenata (MKE). U ovom radu mi
smo prezentovali numeri¢ku simulaciju Sirenja prsline kod KuéiSta turbine Koriste¢i standardnu MKE kao i
poboljsane EFG i X-FEM metode. Za sraCunavanje faktora intenziteta napona (FIN) mi smo Koristili J-integral
metodu. Za tu svrhu u radu je KoriSéen EDI metod pri sratunavanju J-integrala. J-EDI metod je KoriS¢en za
odredivanje faktora intenziteta napona koristeéi standardnu MKE kao i X-FEM i EFG metode. Koriste¢i razvijeni
softver, faktori intenziteta napona su sracunati kod kuéiSta turbine i rezultati su uporedeni sa raspoloZivim
rezultatima dobijenih primenom konvencionalnog MKE softvera.

Kljucne reci: mehanika loma, prsKkotina, rast prskotine, metoda kona¢nih elemenata, Galerkinova metoda slobodnih

elemenata, X-FEM metoda, J-integral.
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AHanu3 pacimpeHus TPELIYH Y PEalbHbIX KOHCTPYKIWA C
npumeHenueM X-FEM u EFG meTonos

MeTop KOHEUHBIX 3JIEMEHTOB SIBIISIETCS. YHUBEPCANLHBIM M O[HAM M3 CaMbIX M3BECTHBIX IGpoBbIx MeToRoB. Ho,
I pemeHwii Ipo6ieM co cnenuguIecKEMN YCIOBHSIMHA B POfie €ANHCTBEHHOCTH B CIydasx MEXaHUKH M3JIOMA H Y
pacmpennn TpemEbl EFG 1 X-FEM MeTOfbl AMEIOT NPEAMYIIECTBA B CPABHEHMH CO CTAHAAPTHBIM METOAOM
KoHeuHbIX aneMenToB (MK3J). B HacTosmme#r paGore Mbl OpefCcTaBANA IE(POBYIO CAMYISIHWIO PACIIAPEHASL
TPEIMHB] Y AMCKAa TypOMHBI MOJIB3ysdIch cTaHgapTHeIM MKO, a B Tom umcine um ynydymendasiva EFG m X-FEM
MeTonamu. st MONCHMTHIBAHASA (haKTOpa MHTEHCHBHOCTH Hampsixenms (OVIH) mbr momp3opamack M-mATErpan
merofoM. C aroii nenero B padore ucnons3opan EJIMI-MeTox npu NMOACYATHIBAHHA fI-nHTerpana. V-E[U meton
FCIONIL30BaH Al ompefencHrs akTopa HHTCHCHBHOCTH HAIPSDKEHNS [IPH MCHONB30BaHAM cTaHfapTHOro MKD3, a
B ToM uncte ¥ EFG m X-FEM wMmeronoB. ITonb3ysch pa3BATHIM NPOTPaMMHBIM obecmedeHmeM, hakTOpbI
MHTEHCHBHOCTH HANPSCKEHWs] MOJCYATAHBI y JUCKa TypOWMHBI W PE3YNbTaThl CPaBHHBAHLI CO pe3ylIbTaTaMH B
PacHopsKeHNH, TIONyYEHHBIMA IPAMEHEHHEM IIPAHATOrO KOHBEHI[MOHATEHOTO MK nporpamManoro o6ecrnedenmnsi.

Karwouesvie caosa: MEXaHAKA XKECTKOTO Tela, MEXaHHKa H3T0Ma, TpEIIMHA, POCT TPEIHHBI, METOJ, KOHEYHBIX
3JIEMEHTOB, METOJ, I'aslepkuHa cBOGORHBIX aeMeHToB, X-FEM Metop, -uaTerpai.

Analyse de la croissance de la fissure chez les constructions réelles
par les méthodes X-FEM et EFG

La méthode des éléments finis est universelle et I’une des méthodes numériques les plus connues. Mais pour résoudre
les problémes avec les conditions spécifiques tels que les singularités dans les cas de la mécanique de fracture ou la
croissance de la fissure, les méthodes EFG et X-FEM ont I’avantage sur la méthode des éléments finis. Dans ce travail
nous avons présenté la simulation numérique de la croissance de fissure dans le logement de la turbine a I’aide de la
méthode des éléments finis ainsi que par les méthodes EFG et X-FEM améliorées. Pour calculer le facteur de
I’intensité de tension nous avons utilisé la méthode par intégrale J.A cet effet on a applique la méthode EDI pour
calculer intégrale J. La méthode J-EDI a servi pour déterminer le facteur d’intensité de tension au moyen de la MKE
ordinaire ainsi que par les méthodes X-FEM et EFG. Employant un logiciel développé, les facteurs d’intensité de
tension ont été calculés pour le logement de la turbine. Les résultats obtenus ont été comparé avec les résultats réalisés
par un logiciel MKE conventionnel.

Mots clés: mécanique de fracture, fissure, croissance de la fissure, méthode des éléments finis, méthode des éléments
libres,méthode X-FEM, intégrale J



