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This paper gives sufficient conditions for the stability of linear singular continuous delay systems of the
Ex(k)=Aox(k)+Ax(k—1) form. These new, delay—independent conditions are derived using approach based on

Lyapunov’s direct method. Approach that has been applied is based on crucial idea presented in the paper of Owens,
Debeljkovic (1985). Numerical examples have been worked out to show the applicability of the results derived.
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Introduction

T should be noted that in some systems, their character of

dynamic and static state must be considered
simultaneously. Singular continuous systems (also referred
to as degenerate, generalized, differential - algebraic
systems or semi — state) are those the dynamics of which
are governed by a mixture of algebraic and differential
equations.

Descriptor discrete systems are those the dynamics of
which is covered by a mixture of algebraic and difference
equations.

Recently, many scholars have paid much attention to
singular and descriptor systems, and in consequence
obtained numerous good results. The complex nature of
singular and descriptor systems causes many difficulties in
the analytical and numerical treatment of such systems,
particularly when there is a need for their control.

The problem of investigation of time delay systems has
been exploited over many years. Time delay is very often
encountered in various technical systems, such as electric,
pneumatic and hydraulic networks, chemical processes,
long transmission lines, etc. The existence of pure time lag,
whether it is present in the control or/and the state, may
cause undesirable system transient response, or even
instability. Consequently, the problem of stability analysis
for this class of systems has been one of the main interests
for many researchers. In general, the introduction of time
delay factors makes the analysis much more complicated.

It must be emphasized that in a number of systems the
phenomena of time delay and singular (descriptor) occur
simultaneously.

Therefore, such systems are called singular differential
or descriptor difference systems with time delay.

These systems have many special characters. To describe
them more exactly, it is necessary to design them more
accurately and control them more effectively; tremendous
effort must be invested to investigate them, which is
obviously very difficult work. In recent references authors
had discussed such systems and obtained certain results.
But in the study of such systems, there are still many
problems to be considered. When the general time delay
systems are considered, in the existing stability criteria,
mainly two approaches have been adopted.

Namely, one direction is to contrive the stability
condition which does not include the information on the
delay, and the other is the method which takes it into
account. The former case is often called the delay-
independent criteria and generally provides simple
algebraic conditions. In that sense the question of their
stability deserves great attention.

In the short overview that follows, only the results
achieved in the area of Lyapunov stability of linear,
continuous singular time delay systems (LCSTDS) will be
presented.

Moreover, in the last few years, numerous papers have
been published in the area of linear discrete descriptor time
delay systems, but this discussion is out of the scope of this
paper. To find out more about this matter, see the list of
references attached.

To the best of our knowledge, some attempts in stability
investigation of (LCSTDS) were due to Saric (2001, 2002)
where sufficent conditions for convergence of appropriate
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fundamental matrix were established.

Recently, in the paper of Xu et al. (2002) the problem of
robust stability and stabilization for uncertain (LCSTDS)
was addressed and necessary and sufficient conditions were
obtained in terms of strict LMI (Linear Matrix Inqualities).
Moreover, in the same paper, using suitable canonical
description of (LCSTDS) rather simple criteria for
asymptotic stability testing was also proposed.

The same approach has been used when the linear
descriptor discrete time delay systems (LDDTDS) have
been treated.

In this paper, quite a different approach to this problem
is presented. Namely, the result is expressed directly in
terms of matrices £, A, and A, naturally occurring in the

system model, avoiding the need to introduce any canonical
form into the statement of the Theorem.

The geometric theory of consistency leads to the natural
class of positive definite quadratic forms on the subspace
containing all solutions. This fact makes possible the
construction of Lyapunov stability theory even for the
(LCSTDS) in that sense that asymptotic stability is
equivalent to the existence of symmetric, positive definite
solutions to a weak form of Lyapunov matrix equation
incorporating condition which refer to the time delay term.

In the descriptor discrete case, the concept of
smoothness has little meaning but the idea of consistent
initial conditions being these initial conditions x, that

generate solution sequence (X(k):kZO) has a physical

meaning. The best explanation for this statement can be
found in Appendix B, at the end of the paper.

A definite aim of this paper is to present a new results
concerning asymptotic stability of a particular class of
linear descriptor discrete time delay systems.

In order to have the best insight into these problems, the
first part of the paper is devoted to the short recapitulation
of some contributions in the field of linear continuous
singular systems. Authors are deeply convinced that this
approach will be of great help to the reader of the lines that
follow.

Notation
R - Real vector space
C - Complex vector space
I - Unit matrix
F - =(f;) € R™ real matrix
FT - Transpose of matrix F
F >0 - Positive definite matrix
F >0 - Positive semi definite matrix
R(F) - Range of matrix F
N (F ) - Null space (kernel) of matrix F
A(F) - Eigenvalue of matrix

o()(F) - Singular value of matrix F

ra - Euclidean matrix norm of || F || =/ Amax (ATA)

FP - Drazin inverse of matrix F
= - Follows
= - Such that

Linear continuous singular systems

Generally, the linear singular continuous systems with
time delay can be written as:

E()x(t) =f(¢,x(1),x(t—7),u(r)), t=>0

x(t)=p(t), —7<t<0 . (D

where x(¢) e R" is a state vector, u(f)e R’ is a control
E(@t)eR™ is a
peC=C([-7,0],%") is an admissible initial state

vector, singular matrix,

functional, C:C([—r, 0], ]R”) is the Banach space of

continuous functions mapping the interval [-z, 0] into R”
with topology of uniform convergence.

Some preliminaries

Let a linear continuous singular system with state delay,
described by

Ex(t)= Apx(t)+ Ax(t—7), (2.2)

be considered, with known compatible vector valued
function of initial conditions

xt)=¢(), —7<tL0, (2.b)

where A, and A, are constant matrices of appropriate
dimensions.
Moreover, let it be assumed that rank E=r<n .
Definition 1. The matrix pair (E, 4,) is said to be

regular if det(sE—4,) is not identically zero, Xu et al.
(2002).
Definition 2. The matrix pair (E, 4,) is said to be

impulse free if deg (det(sE—4,))=rangE, Xu et al.

(2002).
The linear continuous singular time delay system (2)
may have an impulsive solution. However, the regularity

and the absence of impulses of the matrix pair (E, 4;)
ensure the existence and uniqueness of an impulse free

solution to the system under consideration, which is defined
in the following Lemma.

Lemma 1. Suppose that the matrix pair (E, 4,) is

regular and impulse free and unique on [0,00), Xu et al

(2002).
The necessity for system stability investigation demands
establishing a proper stability definition. Therefore:
Definition 3.

a) Linear continuous singular time delay system (2) is said
to be regular and impulse free if the matrix pair (E, 4)
is regular and imulse free.

b) Linear continuous singular time delay system, (2), is
said to be stable if for any & >0 exists a scalar 5(&) >0
such that, for any compatible initial condition ¢(¢), sat-

isfying condition: sup | ¢(¢) [ <5(¢) , the solution x(¢)
—7<t<0

of system (2) satisfies [x(r)|< &, Vi 20.
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Moreover, if lim|x(s)|—>0, system is said to be
t—0

asymptotically stable, Xu et al (2002).

Some previous results

Let the case when the subspace of consistent initial
conditions for singular time delay and singular nondelay
system coincide be considered.

Owens-Debeljkovic approach

Theorem 1 Suppose that the matrix pair (E, 4,) is
regular with system matrix A, being nonsingular i.e.

det 4, #0.

The system (3.2) is asymptotically stable, independent of
delay, if there exists a positive definite matrix P , being the
solution of Lyapunov matrix equation

AJPE+E" P4, =-2(S+0), 3)
with matrices Q =0" >0 and S =S, such that:
X (O(S+0)x(0)>0, Vx(eW . \{0},  (4)

is positive definite quadratic form on W,. \{0}, W,. being

the subspace of consistent initial conditions , and if the
following condition is satisfied:

| 4] < Omin [Q;)am;x (Q‘iETP) . )

Here o0, () and o, () are maximum and minimum
singular values of matrix (-) , respectively.

Proof. For the sake of brevity, the proof is omitted here
and can be found in Debeljkovic et al. (2007).

Pandolfi’s approach
The result is stated as follows:

Theorem 2 Suppose that the system matrix A, is
nonsingular; i.e. det 4, #0.

Then the system (3.2) with known compatibile vector
valued function of initial conditions can be considered
assuming that rank Ey =r<n.

Matrix E, is defined in the following way E, = 4,'E .
The system (3.2) is asymptotically stable, independent of
delay, if

H Al H < Omin (Q;)O-m;x (Q;E({P) > (6)

here exist:
(i) (nxn) matrix P, being the solution of Lyapunov

matrix:

E'P+PE,=-2I,, (7)
with the following properties:
a) P=P" 8)
b) Pq()=0, q()eA ®

! W. subspace of consistent initial conditions, Owens, Debeljkovi¢
(1985). See Appendix A

) ¢' ()Pq(t) >0, q(t)=0, q(t)e, (10)
where:

Q=N(I-EE"), (11)

A=N(EE"), (12)

with matrix I, reperesenting generalized operator on R"
and identity matrix on subspace ) and zero operator on
subspace A and matrix () being any positive definite
matrix.

Moreover, matrix P is symmetric and positive definite
on the subspace of consistent initial conditions.

Here 0, () and o,;,(-) have the same meaning as in

the previous section.
Proof. For the sake of brevity, the proof is omitted here
and can be found in Debeljkovic et al. (2005.c, 2006.a).

Linear discrete descriptor systems

Some preliminaries
(LDDTDS) is described by
Ex(k+1)= Agx(k)+ 4 x(k-1), (13)

where x(k)eR" is a state vector.
The matrix E e R™" is a necessarily singular matrix,
with property rank E =r <n and with matrices 4, and

A, of appropriate dimensions.

For (LDDTDS), (13), the following definitions taken
from, Xu et al. (2004) are presented.
Definition 4 The (LDDTDS) is said to be regular if

det (z 2E—z4, - A, ) , is not identically zero.

Definition 5 The (LDDTDS) is said to be causal if it is
regular and

deg(z" det(zE—AO -z7'4, ))= n+rang E .

Definition 6 The (LDDTDS) is said to be stable if it is
regular and p(E,AO,Al ) < D(0,1), where
p(E,AO,A,):{z| det(z?E—z4, —A,)zo}.

Definition 7 The (LDDTDS) is said to be admissibleif it
is regular, causal and stable.

Lemma 1 The (LDDTDS) is admissible if there exist a
matrix Q>0 and an invertible symmetric matrix P such

that

i) E"PE>0
ii) 4§ PAo — E" PE + Ay P4, (Q — A PA, )’l ATP4y+0<0

i) 0-ATP4, >0,

Xu et al. (2004).
Proof. See, Xu et al. (2004).
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Main results
Theorem 3 Suppose that (LDDTDS) is regular and
causal with system matrix 4, being nonsingular, e.i.

det 4, 0.
Moreover, suppose matrix (Q —A{PA 1) is regular.

The system (4.1) is asymptotically stable, independent of
delay, if

Ginin ((Q—A{PAl)éj

_1 ’
O max (Q 24 P)

| 41 < (14)

and if there exist a symmetric positive definite matrix P,
being the solution of discrete Lyapunov matrix equation

Ay PAy—E"PE=-2(S+0), (15)
with matrices Q=0Q" >0 and S=S", such that
T d
x (k)(S+Q)x(k)>0, Vx(k)e we \{0}, (16)

is positive definite quadratic form on Wk‘i \{0}, W being
k

the subspace of consistent initial conditions for both time
delay and non-time delay discrete descriptor system .
Proof. Let the following functional be considered:

V(x(k))=x"(k)E"PEx(k)+x" (k-1)Ox(k-1).(17)

with matrices P=P" >0 and Q=07 >0.

Remark 1 Equations (15 — 16) are, in modified form,
taken from Owens, Debeljkovic (1985).
Note that Lemma B1 and Theorem B1 indicate that

V(x(k))=x"(k)E" PEx(k), (18)
is positive quadratic form on Wd* , and it is obvious that all
k

solutions x(k) evolve in W , so ¥ (x(k))can be used as
k

a Lyapunov function for the system under consideration,
Owens, Debeljkovic (1985).

It will be shown that the same argument can be used to
declare the same property of another quadratic form present
in (17).

Clearly, using the equation of motion of (13):

AV (x(k)) =V (x(k+1)) =V (x(k))
=x" (k)( 4§ P4, - E" PE + Q)x(k)
+2x" (k)( 45 P4 )x (k=1)—-x" (k=1)Ox(k-1)
=x" (k)( 4§ P4y - E" PE+20+28)x(k) (19)
—x" (k)Ox(k)-2x" (k)Sx(k)
+2x" (k)( 45 P4 )x (k-1
—x" (k-1)(Q- 4] P4, )x(k-1)

From (3) and the inequalityzz

2 2u” (1) v(t) <uT ()P u(t) + v (H)Pv(t), P >0

2x" (k) Ag PAx(k—1)=
1

=2x" (k)(AOTPAl (047 P4y) 2 (0- 4 P4, )%Jx(k—l) 20)
<x" (k) 4] PA,(Q- A{ P4, )'% (0- 4 P4, )'% AT PAyx (k)
+x' (k=1)(Q— 4] P4, )2 (0 - 4] P4, 2 x (k-1)

it can be obtained

AV (x(k))=—x" (k) Ox(k)—x" (k) Sx(k)

+xT(k)(AOT PA(Q-4] P4,) 2 (0-4{ PA, )'5AITPA0jx(k)

<—x" (k) Sx(k)

—xT(k)Q5(1@5A5 PA (04T PA) AT PAOQ;jQ;X(k)

@1)

From the fact that the choice of matrix S, can be done,
such that

x" (k)Sx(k)>0, Vx(k)e W; \{0}, (22)

and after some manipulations, (21) yields to

AV (x(K)) s—x" (K)O’T Q2 x(k),  (23)

with matrix ' defined by
1 11 1
F=[1—Q 245 PAQ 20 2 4] PAQ 2) (24)

and following the procedure presented in 7Tissir, Hmamed
(1996), V' (x(k)) is negative definite if

l—ﬂm‘,{g5A$PAI(Q—AH’AI)5(Q—A{PA,)é A{PAOQ%}o (25)

is satisfied if

1

1—a;ax[Q5AOTPA1(Q—A{PA1)QZJ>0. (26)

Using the properties of the singular matrix values, Amir-
Moez (1956), the condition (26) holds if

_1 _1
l—aﬁm(Q 2A§P)xa;aX[Al (0-4/P4)0 2j>o 27)
which is satisfied if
) 1
|4 o2 (Q ZAOTPj

Ormin [(Q—Af P4, )ﬂ

1- >0, (28)

which completes proof. Q.E.D.

In the sequel an example is given to show the
effectiveness of the proposed method.

Example 1 Consider the linear discrete descriptor time
delay system with matrices as follows:

200 0.10 0 0 0.10 0 0
E=[00 0|, 4= 1 10| 4=| 0 00].
000 0 01 0 00
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Based on the above presented procedure, the following 1 -1 0)\[x
data can easily be found, Debeljkovic et. al. (1996.b): X () (S+0)x(k)=[x x x] -1 -1 0 |x,
E=(zE+4)70-E 0 0 -Ulx
2 22 2 2, .2
=X +2X5 =X = X3 )yoeyp, =X +X5 >0,
A 20 0 0y  (-0.05 0 0 (8 248 - 3)£3=02 L
E=A4'E=[20 0 0[,=E”=|005 0 0].
d
0 00 0 00 Vx(k)eWk*\{O}
B B 00 0 Also, it can be computed
N([—EED)z(I—EED)XO: 11 0][x=0> 0.10 1 0Y(pu P pi3)(0.10 0 0
001 0 L O|p2 pPn pxn 1 1 0|-
0 0 1)\ps pi pss 0 01
N(I—EED):{XER":x10+x20=O N X30=0}. 200 i P P 200
[0 0 0}[[’12 P2 Pza}[o 0 OJZ
det 4y #0, rangE =1 00 0Ops pu pPi3)\0 00
1 -1 0
det(2?E—z4y — 4 ) = z(22° = 0.01z-1)(z-0.10) £ 0 2(S+0)=-2-1 -1 0 |=
0 0 -1
deg(z” det(zE—Ao -z7'4 )): n+rang E =
pbu P2 Pi3
P:[l’lz P2 P23]:
n=3, > deg(z*)=4, n+rankE=3+1=4 s P Py
It can be adopted [-3‘99P11+0-2P12 +pn 0.lpn+pyn 0.1p; +Pz3}
= 0.1p; + px» P» D23
110 0 -2 0 0.1p +
o=[120]=0">0, s=5"=|-2 -3 0|, Pi3t P P23 P33
001 0 0 -2 with solution
1 -1 o 0.501 0 0 .
S+0=[-1 -1 0 |> P=| 0 2 0=P >0
0 0 -1 0 06
Moreover
0 2 0)x 0.501 0 0
r = — — . X
X (R)sx(R)=[n x xu]-2 =30 jx X" (K)ETPEx(K)=[x x %] 0 2 0x
0 0 2)|x
0 02 X3
2 2 2
= (-2xx —2x1x, = 3x3 - 233 )X1=6xz =x >0, . =(0.501x7 + 223 +2x3 ), = (2501 ), >0,
3= x3=0 x3=0
vx(k) e Wi\ {0} vx(k)e W<\ {0}

so V(x(k))can be used as a Lyapunov function for the

X1
X, system (13).
X3

Finally, it is necessary to check the condition (15)

O =
(=R S R
—_ o O

x (k)Ox(k)=[x x, x3][

=((n+x)+xdexd),_, =d>0, . |4]=0.10  o{0}={0382, 1.00, 2.618}
x3=0
’ 0.995 1 0
vx(k)ew?\{0} Q=0-4/P4= 1 20
k 0 01
Moreover
1
X' (k)Ox(k)=(x +x,)" +x3 +x3 >0, vx(k)eR" min ((Q— A PA, ) j =0.618
detQ=120, O'maxz(Q_éAOTszl-“z

and
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[(Q A P4, ) j

Toax (O 24, P)

so, the system under consideration is asymptotically stable.
Moreover, it should be noted that there are eight

different solutions for Ql/ 2,

0,10 =| A1H< =0.4361,

0™ and of course, for

expression Q241 P.

But solutions for o, (Ql/z) and Oy =(Q‘2/2A€P)

are unique in all cases.

In a particular case, when E = I, the result is identical to
that presented in Debeljkovic et al. (2005.c).

Now the general case is investigated namely if the basic
system matrix is singular, e.g. det Ay = 0.

Note that this is an imposible case for linear continuous
singular system; see, Theorem 1 and Theorem 2.

Theorem 4 Suppose that (LDDTDS) is regular and
causal.

Moreover, suppose matrix (Ql - Al P4 ) is regular,

with QA = Q;_T >0.
The system (1) is asymptotically stable, independent of
the delay, if:

Omin ((Q/i ~ A P4, )éj

O max (Ql; (AO _iE)T Pﬂj

| 4] < , (29)

and if there exists real positive scalar A* >0 such that for
all A within the range 0<|i|<A" there exist symmetric

positive definite matrix P, , being the solution of discrete
Lyapunov matrix equation:

(40— 4E)" P,(4y~AE)~E"PE=-2(S, +0;). (30)
with matrix S, =S,”, such that:
X' (k)(S, +0;)x(k)>0, vx(k)eWi\{0}, (31)

is positive definite quadratic form on W]d* \{0}, W being
k K

the subspace of consistent initial conditions for both time
delay and non-time delay discrete descriptor system.

Here 0, () and o, (-) are maximum and minimum
singular values of matrix (-) , respectively.
Proof. Let the functional be considered

V(x(k))

with matrices , =P, >0 and 0, =Q,” >0.

Remark 2 Equations (3 - 4) are, in modified form, taken
from Owens, Debeljkovic (1985).
Note that Lemma B1 and Theorem B1 indicate that:

v (x(k))=

. . . d
is positive quadratic form on Wk*

=x" (k)ET P,Ex(k) +x" (k= 1)0;x(k —1) . (32)

x' (k)E"PEx(k), (33)

, and it is obvious that all

solutions x(k) evolve in W , so ¥ (x(k))can be used as
k

a Lyapunov function for the system under consideration,
Owens, Debeljkovic (1985).

It will be shown that the same argument can be used to
declare the same property of another quadratic form,
present in (32).

Clearly, using the equation of motion of (13), it follows
that

AV (x(k)) =V (x (k+1)) v (x(k))+

xT(k)((AO—,a,E P, (4~ AE) )x
x" (k)(Q; —E"P.E)x(k)+

2xT(k)((A0 ~2E) &Al)x(k—l)—

X" (k=1)(Q; - A P A4, )x(k-1) =

X’ (k)( Ao~ 2E) Py (4 —ﬂE))x(k)+

X" (k)(20; —E"P,E+28; )x(k)-
"(k)Oux(k)-2x" (k)S,x(k)+

o’ (k)((AO ~AE) &Al)x(k—l)_

X" (k=1)(0; - A P4, )x(k-1),

Using the same procedure, as in the previous case, the
following is obtained:

(34)

2x' (k) (4y—AE)' PiAx(k-1)=

ZxT(k)((AO—/IE)T&AI (0,-41 P4, )_%(Ql—AlTPlAI )5j
x(k-1) < x" (k)(4y-2E) P4, (QQ—ATPIAI)_% (35)
(04T P4)) %ATPﬁon (kyx" (k-1)(Q1-A1 P4, )
(QA—A{PAAI)%X k-1)

so that:

AV (x(k)) = =x" (k) Qux (k) - x" (k) S,x (k)

+x! (k)((AO ~2E) P40, —AITPAAI)_%

-1
(-4 P4,)2 A,TPAAOJ()X(k)S—xT(k)S/lx(k)— (36)
1 1 -
' (k)Q:2 (1 -0 2 (dy = 2E) Py (Q- AP A)"
AP (4 —M)Qﬁ)

From the fact that the choice of matrix S, can be made,
such that:

X' (k)S;x(k)=0, vx(k)ew?\{0}, (37)
k
and after some manipulations, (36) yields to:

V(x(k) <—x" (K)02 Y, 02 x(k),  (38)

with matrix Y, defined by:
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_1 11
Y, =[1—Qz 2(4y~2E) P40, 20,
L (39)
AP (4 - AE)Q; 2}.

and following the procedure presented in Tissir, Hmamed
(1996), V' (x(k)) is negative definite if

=

_ _1
1= s [Qﬂ (4 —AE) P4 (0~ AP 4)) 2

(40)

1 _1
(01— ATPA) 2 AP, (4 - AE)Q, 2} >0
hich is satisfied if
1 1
1= O (QA g (Ao —AE)TPzAl(Qa —AlfpzAl)Qa Zj >0 (41)

Using the properties of the singular matrix values, Amir-
Moez (1956), the condition (41) holds if:

1= 0 (QH(AO —AE)TPJX

B (42)
aiax(Al(Ql —A4{ P, 4,)0; 2j> 0,
which is satisfied if:
2 5 (3 T
| 4] o [QAZ(AO—AE) Pﬂj
1- >0,  (43)

1

i ((Qﬁ —4{ P4, )zj

which completes proof. Q.E.D.

In a particular case, when E =7 and detA4, #0, the
result is identical to that presented in Debeljkovic et al.
(2005.¢).

In the particular case, when det A, =0, the result is
identical to that presented in Debeljkovic et al. (2006.b).

Example 2 Consider the linear discrete descriptor time
delay system with matrices as follows:

100 0 0 0 100
E=|1 00 1 -1 0|, 4=/0 00
00

0
0 00 0 0 -1 0

;AO:

In comparison with the Example 1, it should be
underlined that here matrix A, is singular, e.g. det 4, =0.

Based on the above presented procedure, the following
data can easily be found, Debeljkovic et. al. (2006.b):

E=(zE+4)7L E.

N(I—EED):{XER”:xIO+x20:0/\x30:O}.
det 4y =0, rangE =1,

det(z?E—z4y - 4;) =—z(2% +0.10) %0,

det(zE —Ay—-z7'4, ) = —(z —M) .

z
deg(z" det(zE —Ay—z "4 )): n+rang E =

n=3, > deg(z*)=4, n+rankE=3+1=4

It can be adopted:

110 0 -2 0
0,=|120|=0>0, §,=8/=|-=2 -3 0|,

001 0 0 -2
1 -1 0
S1+Qﬂ,: —1 —1 O
0 0 -1
0 2 0\l x
X' (k)S;x(k)=[x x x]|-2 -3 0| x|=
0 0 2)|x
(—lexz —2xxy —3xF —2x3 )x1 ey = x>0,
x3=0

Vx(k)e Wk‘i \{0}.

—
SN =
—_— o O

X' (k)0:x(k)=[x x, x3][1
0

_ 2
N=—xy X7 > 0,

((xl +x2)2 + x5 +x32)
x3=0

vx(k)e Wi\ {0},
Moreover:

X' (k)Oux(k)=(x +x, )2 +x3+x3 >0, Vx(k)el"

detQ=1#0,

and:

1 -1 0Y[x
X' (k)(S, +0))x(k)=[x x, xS][—l -1 Oj{xz}:

0 0 -1)|x

(x12+2x§—x§—x32) =xt+x%>0,

X|=—x2
x3=0

Vx(k)e Wk‘i \{0}
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Also, it can be computed:

(AO —/1E)§:2 Py (4o _iE)zzz =

Apn —12p1, +9p 3pn—2pn 3psn—2pi;
3pn—2pi P2 P23
3p—2pis P23 P33

Pu—2po+tpn 0 0

E"PE = 0 0 0f,
0 0 0
so finally:

Apy —14pi +8py 3pyn —2pn 3pn—2pis
3pn—2pn P D23 =
3py—2pis D23 D33

-2 20
—2(Q,1 +Sl): 2 20
0 02
with solution:
% 00
P=l0 2 0[=P >0
00 2
Moreover:
? 00 X
x'(K)E"PEx(k)=[x x; x]/0 2 0||x,|=
0 0 2/ x;
100 .2 2 2 2
(Txl +2x2 +2X3 )gaxz = (311)(:1 );1326)(2 > 0,

vx(k)e W, \{0}

so V(x(k)) can be used as a Lyapunov function for the

system (4.1).
Finally, the condition (29) has to be checked

|4]=0.10  &{0,}=1{0382, 1.00, 2.618}
0.997 1 0
Q=0 -4iRA4= 1 20
0 01

1
O'min ((Ql - A{P4A1 )2 j = 0616
1
2T
O max =(QZ. AOP1J=1422

Gin [(Qz — A{ P, 4, )5J

_1 _1
T max (Q/AOT PJ(Q/AOT Plj

0,10=| 4, < =0.481,

so, the system under consideration is asymptotically stable.
The same conclusion can be derived directly from the
locations of roots of the characteristic equation.

Conclusion

A quite new sufficiently delay—independent criteria for
asymptotic stability of (LDDTDS) is presented. In a certain
sense, this result may be treated as the further extension of
results derived in Debeljkovic et. al (2006.b).

This approach gives an insight into the structure of
discrete descriptor system under consideration, so it may be
called: a geometric approach to the Lyapunov stability of
this particular class of systems.

In that sense it seems the extension of weak Lyapunov
equation (15) and (30) to discrete descriptor time delay
systems.

In comparison with some other papers on this matter,
there is no need for linear transformations of the basic
system, nor the need to solve the systems of high order
linear matrix inequalities.

Two numerical examples are presented to show the
applicability of the results derived.

Appendix — A
The fundamental geometric tool in the characterization
of the subspace of consistent initial conditions, for linear
singular system without delay, is the subspace sequence

W, =R", (AT)

Wi =45 (EW,).  j20, (A2)

where A4;'(-) denotes inverse image of (-) under the
operator A .

Lemma A.1 The subsequence {W,, W;, Wj,....... s
nested in the sense that:

Wy oW, oW, oW; D.... (A3)
Moreover:
N(A4)cw,;, Vj=20, (A4)
and there exist an intager k& >0, such that:
Werj =Wy (AS)
Then it is obvious that:
Weej =We, Vj21. (A6)

If k" is the smallest such integer with this property,
then:

W, "\N(E)={0}, k>k, (A7)

provided that (1E — 4,) is invertible for some 4 € R .

Theorem A.1. Under the conditions of Lemma Al, x,
is a consistent initial condition for the system under
consideration if and only if x, € W,. .

Moreover X, generates a unique solution x(¢)€W,.,
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¢ >0, that is a real analytic one on {7:¢ >0}
Proof. See Owens, Debeljkovic (1985).

Apendix - B
The fundamental geometric tool in the characterization
of the subspace of consistent initial conditions, for linear
discrete descriptor system without delay (13), is the
subspace sequence

we =R", (B.1)

d - d .
Wi, =45 (Ew!), j=zo0, (B.2)
where Ag' (+) denotes inverse image of (-) under the
operator A .

Lemma B.1
Lemma B.1 is identical to the Lemma A.1.

The only, change is W, =Wy, W, =W, ... W, =W .
Final result is as follows:

W AN(E)={0}, k>k", (B.3)

provided that (zE — 4, ) is invertible for some z e C .

Proof. See Owens, Debeljkovic (1985).
Theorem B.1. Under the conditions of Lemma B1, x, is

a consistent initial condition for the system under
consideration, e.g. linear discrete singular system without

delay if and only if x, € chi .
Moreover X, generates a discrete solution sequence
: d
(x(k): £>0) such that x(k)e W<, Vk>0.
Proof. See Owens, Debeljkovic (1985).

Apendix — C
Definition C.1 Let £ be a square matrix, if there exists
amatrix E” satisfying:

1. EEP = EPE
2. EPEE® = E® (C.1)
3. ESTEP = E¥

EP” is called the Drazin inverse matrix of matrix £ and
D simply - inverse matrix.
¢ is the index of the matrix E, it is the smallest

nonnegative integer which makes
rank ES™' = rank E¥, (C.2)

true.
Lemma C.1 For any square matrix E , its Drazin inverse

matrix E” is existent and unique.
If the Jordan normalized form of E is

E= T(‘g ](\)J T, (C.3)

then:

1
EP = T(‘]O ngl . (C.4)

Here N is a nilpotent matrix, J and T are invertible
matrices.
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Stabilnost u smislu Ljapunova diskretnih deskriptivnih sistema sa

Cistim vremenskim kaSnjenjem

U ovom radu izvedeni su dovoljni uslovi asimptotske stabilnosti posebne klase linearnih diskretnih deskriptivnih
sistema, ¢ija se vektorska diferencijalna jednafina stanja moZe predstaviti u sledeem obliku:

Ex(k)=Aox(k)+ Ax(k—1) abez ikakvih ogranitenja na sistemske matrice.
Ovi novi rezultati izvedeni su na bazi Ljapunovljeve druge metode a osnovani na geometrijskom prilazu stabilnosti

koji su razvile Owens, Debeljkovié (1985).
Eklatantnim primerima pokazana je primenljivost izloZenih rezultata.

Kljucne reci: diskretni sistem, deskriptivni sistem, linearni sistem, stabilnost sistema, asimptotska stabilnost, metoda
Ljapunova, stabilnost Ljapunova.

Y cTOMYMBOCTH JUCKPETHBIX JECKPUNITUBHBIX CO YACTON
BPEMEHHOM 3aicpKKOU B HAIPaBJIEHUU CACTEM JIsnyHOBA

B macrosuneit paGoTe BhIBeIeHbI JOBONLHEBIE YCIOBHS ACAMITOTAYECKOH YCTONIHBOCTH 0COGOr0 KIIAcca MMHERHEIX
IUCKPETHBIX JIECKPUTITHBHBIX CHCTEM, UhEé BEKTOpHANbHOE MuphepeHImaIbHOE YPaBHEHAE COCTOSHISI BO3MOXHO
OpeiCTaBUTh B cliefyromeit popme: Ex (k)= Agx(k)+ A,x(k —1),a 6e3 MFOOBIX OrpaHMYEHMAIT Ha MaTPALLI CACTEMBI.
OTH HOBEIE Pe3yALTATHI BEIBeIEeHBI HA OCHOBE BTOPOTO MeTofa JIAIyHOBa, 2 OB OGOCHOBAHEI HA TEOMETPHICCKOM

noaxofe ycroitausocT, passaroM OsseHcoM 1 JleGenbkosnaem (1985-oro roga).
Oy4eBUHBIMU YACISHHBIME IPEMEPAMH IIOKA3aHO IPHMEHEHUE BHIBEIEHBIX Pe3yJIbTATOB.

Knarouesvle cnosa: FACKpeTHas CHCTEMA, JECKPHNTHBHASI CHCTEMa, JIHHEAHAsS CHACTEMa, YCTONIMBOCTH CHCTEMEI,
aCHMIITOTHYECKAs YCTONYMBOCTh, MeTOA JIsimyHOBa, ycroiduBOCTS JIsmyHOBA.

La stabilité dans le sens de Lyapunov des systémes discrets
descriptifs a délai temporel pur

Dans ce papier on a donné les conditions suffisantes de la stabilité asymptotiques de classe particuliére des systémes
linéaires discrets descriptifs dont ’équation différentielle vectorielle de I’état peut étre représentée sous la forme

suivante: Ex(k)=Ax(k)+Ax(k—1) et cela sans aucune limite quant aux matrices du systéme. Ces nouveaux
résultats ont été dérivés a partir de la méthode directe de Lyapunov et sont fondés sur I’approche géometrique a la

stabilité développée par Owens, Debeljkovi¢ (1985). On a démontré P’applicabilité des résultats exposés par les
exemples éclatants.

Mots clés: systéme discret, systéme descriptif, systéme linéaire, stabilité du systéme, stabilité asymptotique, méthode
de Lyapunov, stabilité de Lyapunov.
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