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Ride motion of non-linear suspension characteristics tracked vehicle
on wavy surface

Rade Stevanovi¢, BSc (Eng)l)

The relation between oscillation amplitude and vehicle velocity is determined graphically for the tracked vehicle with
extremely non-linear suspension characteristics in the case of motion on the wavy surface whose wave length is double
than the track length on the ground. An approximate numerical procedure for solving non-linear oscillations is used
to correct the graphical method. The vehicle oscillations with non-linearity mediocre characteristics were discussed.
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Principals symbols

w,®, — angular frequency of forced and free pitch
oscillation with viscous damping

J, — vehicle hull moment of inertia about transverse
axis

A — horizontal distance between i- spring and

sprung weight centre
— spring number (damper number) per side
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— damper resistance force

2™

— relative velocity damper piston

=

— friction coefficient

— damping coefficient

— damping ratio

— wave length of wavy surface

— amplitude of wavy surface

— amplitude and phase shift forced pitch
oscillations

— swing arm length

— torsion bar spring rate

— reduced torsion bar spring rate in static wheel
position

d — torsion bar diameter

fos fu,f — rebound, positive vertical road wheel travel and

current travel
m — vehicle sprung weight
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é.,0, — torsion bar twist angle in static wheel position
and bump stop position

— frequency of natural bounce oscillations of the
vehicle

— nominal shear stress of torsion bar

V:

Tdm
W, W, W, — Swing arm angle in current, static wheel position
and mounted position

£ — specific work load capacity

P
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Introduction

HE tracked vehicle mechanical elastic system consists

of the hull with its own inertia, springs with a certain
spring rate and dampers with determined damping. The hull
oscillation is caused by the impulse of external force action,
which is the consequence of riding over a uneven terrain or
the impulsive change of traction force, e.g. the impulsive
braking.

The vehicle hull has three predominant degrees of free-
dom:

- vertical displacement (bounce),
- rotation about the transverse axis (pitch) and
- rotation about the longitudinal axis (roll).

There are three forms of the oscillation: the bounce,
pitch and roll. The simultaneity of all three oscillation
forms causes very complex figure of vehicle hull operating
oscillation.

The smaller roll amplitude and faster damping are due to
smaller vehicles moment of inertia about the longitudinal
axis and higher value of frictional force between the road
wheels and the tracks as well as the tracks and soil. This
was proved by terrain tests. It can be concluded from the
previous statement, that the vehicle hull motion during os-
cillations can be considered as the plane motion consisting
of the bounce and pitch oscillations.

The suspension system calculation is based on the differ-
ential equations which make a connection between hull
tracked vehicle oscillations and its design parameters and
the motion conditions. Generally speaking, non-linear oscil-
lations occur due to the fact that the force acting on the road
wheel can not be described as a linear function by general
coordinates. A non-linearity occurs due to the non-linear
characteristics of the suspension, non-equality resistance
forces in the dampers during jounce and rebound and the
detachment of the wheels from the soil during oscillations.
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Due to problems related to non-linear differential equa-
tions integration, they were reduced in the past to linear by
the linearity procedure by removing the second and upper
exponent. In this way, the vehicle oscillation figure becomes
deformed. However, the difference of oscillation graphs can
not be neglected in the case where generalized coordinates
and velocity value are still small. In the opposite case, in the
cases when the oscillation of vehicle which moves with high
velocity, which causes the detachment of the wheels from the
soil or in the case when friction dampers were mounted, the
oscillation must be considered as non-linear.

The exact mathematical definition even with the simplest
non-linear suspension system, causes the complication of
mathematical arrangement, so its use for the engineering cal-
culation becomes unpractical. There are numerical solutions
researched, which can approximately define non-linear oscil-
lations. Since solutions with clearly defined procedure that
determines the oscillations amplitude dependency on the
tracked vehicle speed over wavy surface were not available;
the subject of this paper was to find this dependence.

Forced damped linear angular tracked vehicle
oscillations

A possible scheme of the vehicle hull position, the
springs and the dampers are given in Fig.1, for the vehicle
which is placed on the wavy surface whose wave length a
is twice as long as the track length on the ground. The ori-
gin of the coordinate system is allocated to the sprung weight
centre, positive direction of z-axis is routed downward (to
the direction of increase the spring forces) and positive di-
rection of lean angle ¢ is routed to degrade forward part of

the vehicle hull. The unmoving coordinate system is intro-
duced, and its origin is allocated to the point deflection of the
wavy surface. The direction of z'-axis is upwards. The mov-
able coordinate system follows the vehicle sprung weight
oscillation and introduces the disturbance force equations by
unmovable coordinate system.
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Figure 1. Tracked vehicle springs and dampers position on wavy surface

The general solution of homogeneous differential equa-
tion of motion in the case of linear free oscillations tracked
vehicle with viscous damping [1]:

P+2pp+asp=0 )
is the following:
@, = Ae” " cos(wt —a) )

Parameters from equation (1) and (2) were determined
by the following relations:

€)

2p=—f— (4)

This relation can be applied when the damper resistance
force is proportional to the relative velocity of the damper
piston related to the damper, where directions of their mo-
tions are opposite.

p== )

Relation between the damping coefficient and upwards
used damping ratio is the following:

o=2P ©)

Angular frequency of free pitch oscillation with the in-
fluence of viscous damping coefficient is the following:

= a)(/,2 - p? (7

The real solution of angular frequency @ exists for the
condition @, > p. In the case when there is no a real solu-

tion of a)( p> a),p) , the motion will not be oscillatory.

The general solution of the differential equation of mo-
tion in case of linear forced oscillations tracked vehicle
with viscous damping is the following:

¢+2p¢+a)¢2go:Bcosqt+Dsinqt (®)

The obtained equation consist of the sum of the solution
of the homogeneous equation (2) and particular solution,
and have to be obtained in the following form:

@, =M cosqt+ Nsingt 9)

Due to the factor e #, the free oscillations are quickly
damped and have a minor role during the vehicle oscilla-
tions, and the forced oscillations are iterated by the constant
intensity. Therefore the homogeneous solution, which de-
pends on the initial condition, can be neglected, and the os-
cillation can be presented by the equation:

p=4, cos(qt —a(p)

The amplitude 4, is calculated by expression:

A, =\M>+N? :\/

B*+D? (10)
2 2)\? 22
(a)q, -q ) +4pq

where are:

AN . 27l
B=—")» C,l sin— (11)
J, Z a



STEVANOVIC R.: RIDE MOTION OF NON-LINEAR SUSPENSION CHARACTERISTICS TRACKED VEHICLE ON WAVY SURFACE 79

D:—h"—“zk:z. sin 27k (12)
J, - ! a

The following ratio between the frequencies forced oscil-
lations ¢ and the vehicle velocity v exists:

g=22 (13)

It can be seen from the equation (10) that in the case of
the absence of damping (p =0) and the equality of the fre-

quency of free and forced oscillations, the amplitude aspires
to infinity.

The relation between the amplitude of the forced oscilla
tions and the vehicle velocity is determined for vehicle
shown in Fig.2, with torsion bar suspension shown in Fig.3.
The vehicle suspension characteristics are the following:

- swing arm which is installed under the same mounted
angle and with the symmetrical arrangement of the road
wheels according to the sprung weight centre,

- the mutual road wheel distance 0,8 m,
- the sprung weight m, =12000kg ,

- the frequency of the free bounce oscillation v, =1.2 Hz,

- the swing arm length e =0.25m.

- number of the dampers k=4, on front and rear road-
wheels.

— for the rolled surface and presetted torsion bar from nickel-
chromium allow steel by using electro slag refining, nomi-
nal shear stress of 7, =1250 MPa was accepted.
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Figure 2. Tracked vehicle profile

Figure 3. Individual suspension on torsion bars

The condition that the minimum reduced torsion bar
spring rate is in the static wheel positions was introduced, in
order to simplify the mathematical approximation suspension
characteristics. In this case, the swing arm angle in the static
wheel position is obtained by the following equation:

-1
v, :(12 £ evzzj ~(11,9er.2)" (14)

Vs
The calculation of other parameters was performed by the

procedure described in [2] and their values are shown in
Table 1.

Table 1: Suspension parameters of the vehicle 1

Parameter Vs 95 9," f d fs ¢ Cr d gp
[°] | [°] | [°] |[mm]|[mm]|[Nm/rad]| [N/m] | [mm]| [Nk
Value |13,3|34,8(111| 280 | 130 | 3929 |57015(31,42| 3,895

By using relationships (3-7) and (9-13), the relation be-
tween the amplitude of the forced linear oscillations and the
vehicle velocity for the case when the vehicle moves on the
wavy surface with the amplitude of 0.05 m, without the
damping in the suspension system, and with the damping
ratio of o = 0.2 was established. This relationship is graphi-
cally presented in Fig.4.
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Figure 4. The relationship between the amplitude of the linear oscillations
and the vehicle velocity, on wavy surface amplitude 0,05 m

It can be seen from the Fig.3 that in the case of the
damping ratio o = 0.2 and the corresponding resonance ve-
locity, the vehicle hull lean amplitude has such a value that
the swing arms on forward road wheels contact the bump
stops. Contact is possible under the velocity values of 6.07-
7.41 m/s in the case where there is no damping.

Non-linearity characteristics of torsion bar
suspension

The character of inter dependence between the force on
the swing arm journal and its displacement, the so called
suspension characteristics, could be approximated by
straight line, and oscillations could be mathematically pre-
sented by the homogeneous and un-homogeneous differen-
tial equations of the second row, for the many elder tracked
vehicle with the torsion suspension system. On the other
side, in case of the high speed tracked vehicle, the quality
of the ride predominantly influenced by the pitch oscilla-
tions. The relation between the torque and the lean angle is
closer to the straight line, then the suspension characteristics in
the zone of small and middle lean angle. However, there are
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the torsion suspension systems with the extremely non-linear
suspension characteristics, where the calculation of non-linear
oscillations should be based on non-linear theory of oscilla-
tions.

Suspension characteristics for the vehicle 1 are shown in
Fig.2, with the parameters value given in Table 1, shown in
Fig.5 (solid line), while the approximation with third expo-
nent curve, determined by Maclaurin approximation is rep-
resented by the broken line. It is obvious that the approxima-
tion is nearly concurrent with the suspension characteristics
in the range road wheel traveling from —0.1 m to +0.15 m.
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Figure 5. Suspension characteristics of the vehicle 1

Graphical procedure solution of forced non-linear
angle vehicle oscillations
Provided that the sum of the torque of all forces acting

on the vehicle, apart from the damper resistance forces
(Fig.1), is equal zero:

M,+M,+M,=0 (15)

By division with the torque of inertia, the differential
equation of the forced angular oscillations is obtained:

M, (9)
J

y

o+

= B, singt (16)

where:

Table 2: Calculation procedure

M

to the acceleration ¢ direction,

» =J,¢ — torque of inertia, whose direction is opposite

M, — torque of additional spring elastic forces,

M, — disturbance torque, i.e. torque at the horizontal posi-

tion of the vehicle hull, when a front road wheel is on a
prominence of the wavy surface, and rear road wheel is on

the recession, with the height difference 4 .
qg=2nv/a — frequency of the forced oscillations, during
the vehicle motion v on a wavy surface with the wave
length a.

Calculation procedure of torques M, and M, is presented
in Table 2.

Dependence of torque originating from additional spring
forces acting on the vehicle hull, on the vehicle hull lean

angle M, (¢), is graphically shown in Fig.10 (for the sec-
ond numerical example), while Fig.6 shows the dependence
of the quotient M, (¢)/J, .

The coefficient B, for non-linear oscillation, is obtained
from expression:

M,
B, = & =0.80121 (s?) and
y

M,_
B, = 76(0'02) =0.31391 (s?)

y

If the differential equation solution (16) assumes the of
form:

@ = 4,singt (19)
the following equation is obtained:

M, (p)
Jy

=(B,+4’4,)singt (20)

from which, by graphical procedure [3], the oscillation am-
plitude can be obtained, by finding the abscissa of section

of the equation M, (¢)/J, and the straight line of which
the coefficient is equal to the square of the frequency of
forced oscillations ¢ while B, section is on the positive di-
rection of ordinate. With the example in question, the

variety due to the hull lean variety due to the wheels encountering wavy surface
fi=(m) fi=ol h=ls=2m L=l=12m fi=-Nsin 2T a=m h,/2=0.05 m
i 2 a .
L=10,=04
P hy/2=0.02 m
Si=Fs f=fs fs=fs Si=fs f=fs S~
2¢=f 1.29=0.6f 0.49=0.2f h hsin0.67~0.809h hsin0.2 =0.309h
F; (N) L ;
™ (i —arcsin(siny,,; — @)
= (17 fa=0.13m f=0.138 m F;>0
e ' f4f 2
1—(sm Womi _TJ
F®) F=F+Cuf+CuBf> (18)  Fiz0
(approx)
M;(Nm) M,=2F; I; M,=2F;1;
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torque line is symmetrical in relation to the origin
(M (¢)=-M (¢)), which is a necessary condition for the
graphical method to be applied [3,4].

The graphical procedure for determining the dependence

of the oscillation amplitude upon the amplitude of wavy
surface as of 0.05 m is shown in Fig.6.
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Figure 6. Graphical procedure determination of relationship between the
amplitude of the linear oscillations and the vehicle velocity

Dependence of the oscillation amplitude on the vehicle ve-
locity is shown as a solid line for the amplitude of wavy sur-
face 0.05 m (Fig.7) as for the amplitude it is 0.02 m (Fig.8).
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Figure 7. Relationship between the amplitude of the linear oscillations and
the vehicle velocity on the wavy surface amplitude of 0.05 m
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Figure 8. Relationship between the amplitude of the linear oscillations and
the vehicle velocity on the wavy surface amplitude of 0.02 m

Dependence of the resonant velocities on the vehicle veloc-
ity and the non-linear oscillations is shown by broken-dotty
line. Final dependence can be obtained by graphical method, in
the section of torque line and straight lines drawn from the ori-
gin, whose line coefficient corresponds the square frequency of
forced oscillations, or analytically on the basis of torque de-
pendence on the angle of vehicle hull leaning.

Dependence of the torque on the leaning angle is not a
continual line but has two points in the first and third quad-
rants in which the curve inclination changes by leaps that
correspond to the angles when road wheels disconnect from
the soil. For this reason, the dependence of the oscillation
amplitude on the pass velocity over the given wavy surface
(frequency of forced oscillations), has its singular point f
and h (Fig.7). The same is valid for the resonant curve that
breaks in the point g .

According to the non-linear oscillations theory [5], it is
impossible to realize the oscillations in the zone to the right
of the resonant line and to the right of the line BC (Fig.7).
Oscillations in the zone to the left of the resonant line and to
the right of the line BC, can be realized only by gradual in-
crease of the forced oscillations frequency. Since this condi-
tion can hardly be realized while driving on real paths, de-
pendence of forced amplitude oscillations on the vehicle
velocity is along the ABCD line.

Comparing the dependence of amplitude oscillation on the
vehicle speed, or on the frequency of forced oscillations, it
can be concluded that the maximum amplitude oscillations
for the amplitude of wavy surface 0.05 m (Fig.7) is slightly
higher compared to the amplitude 0.02 m (Fig.8). That means
that the magnification factor is higher if the torque of distur-
bance is lower. Nevertheless, the interval of velocities in
which the oscillations of high amplitudes might appear is
considerably smaller in case of the low amplitudes of wavy
surface. On the other hand, the relation of amplitude oscilla-
tion outside the area of resonant velocities is approximate to
the relation of the amplitudes of wavy surface.

The graphical procedure for defining the minimum ampli-
tude of wavy surface where the contact of the swing arms with
the bump stops is possible, is shown in Fig.6. A straight line is
drawn from the point of torque and the angle of vehicle hull
leaning at which the front vehicles road wheels contact the
bump stops, thus making the line to tangent the torque line (a
dotty-straight line). By multiplying the section on the ordinate
with the moment of inertia, the torque value is obtained (case
in question 47211 Nm); it is then used to determine amplitude
of the wavy surface (case in question 64.4 mm).

Vehicle oscillations with low non-linearity
suspension

To denominate the special features of oscillation of the
vehicle 1 with the characteristic suspension, as in Fig.5, it is
enough to determine the dependence of the torque on the
angle of the vehicle hull lean for another vehicle 2 with
normal non-linear suspension. In this example the swing
arm length is e =350 mm, as it is with vehicles of this class.

The same value of positive vertical road wheel travel 280
mm, is obtained from nominal shear stress of torsion bar of
995 MPa. There is no demand of having the minimum re-
duced torsion bar spring rate in the static wheel position, be-
cause swing arms angle in static wheel position would be
small and the road wheels large in diameter.

Suspension parameters of the vehicle 2 is presented in
Table 3.
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Table 3. Suspension parameters of the vehicle 2

Parameter| , | 9. |0, | fi | f ¢ C, d £,
1| 11 | ] | [mm) | fmm] | INm/rad] | [N/m] | [mm] | (N
Value | 15 [25,72(75,45| 280 |137,7| 7386 |56837(36,79| 2,9066

Suspension characteristics of low non-linearity are
shown in Fig.9 (solid line) along with characteristics of the
described third exponent equation (broken line) and charac-
teristics from the first example (dotty line).
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Figure 9. Suspension characteristics of the vehicle 2

It is obvious that the characteristics from the first exam-
ple rapidly increase in the last third of displacement. It is
also obvious that the characteristics from the second exam-
ple can be successfully substituted with the Maclaurin ap-
proximate third exponent equation along the displacement.

Dependence of the torque on the vehicle 2 hull lean angle
has been defined with regards to the real force value
(Fig.10).
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Figure 10. Dependence of the torque on the vehicle 2 hull lean angle

Deviation of this dependence from the straight line is
minimal and with amplitude of wavy surface of 8 mm, it is
possible to have increase amplitude of oscillation up to the
dynamic displacement.

By drawing straight line from points on the ordinate line
indicating static value of torque on the amplitudes of wavy
surface of 50 mm and 20 mm to the extreme points of the
diagram or to the singular point, and by dividing the direc-
tion coefficient with the torque of inertia, the vehicle veloc-
ity values were obtained, where an impact of the swing
arms and bump stops is possible. Case in question, the ve-
locity range for the amplitude of wavy surface 20 mm is

6.63-7.12 m/s while for the amplitude 50 mm it ranges from
(6.15-7.5) m/s. Compared to the corresponding velocity
ranges of the systems with the linear suspension character-
istic and for the same amplitude (6.07-7.41 m/s), it is clear
that the range of critical velocities is almost the same.

Numerical solution of forced non-linear oscillations
procedure

Numerical procedure can be rationally applied to some
well known and existing solutions, and in the case when the
suspension characteristics can be presented as a polynomial
with member of the first and third exponent, as in Fig.5.

@ = 4,singt 21

the differential equation of non-linear oscillations has the
following form:

o+ a)(p2¢) + ,Ba)qf(pz' = B, singt (22)

where are:
) =28.29668 (s7?)
S =36.2942(-)
B, =0.80131(s7)
The first two parameters were determined by Maclaurin ap-

proximate on the bases of equation (M, /.J,) of vehicle hull

lean angle. The variation of exact torque value for angle
@ =10.045 rad is less than 1%. The equation (22) was solved

found by the double differentiation of the sine function as-
sumed solution (19), so the first approximation is obtained [3]:

o=~ (_—zl)[Bn—a)fA(p—%a)(pzﬂAj}sin qt—
q

2 3
A
_Msin:Sqt
36q

(23)

The equation for the amplitude 4, was obtained by (19)
and (23):

(¢* - ®,2) 4, + B, = %wqf B4, (24)

Due to the fact that the graphical solution is derived from
the differential equation (16), which for assumed approxi-

mate relationship My (@) (21) becomes equation:

(q2 - a)q)z )A(p + Bn = a)gozﬂA(p3

This is the evidence that the graphical procedure error
occures because the coefficient with the cube member
needs to be reduced by one fourth of the value.

The exact torque dependence on the vehicle hull lean
angle and the dependence expressed by the third exponent
equation are shown in Fig.11. Variation of these depend-
ences are important only in the adjacent angles.

By solving the equation (24), relationship between oscil-
lation amplitude and vehicle velocity was obtained and it is
shown (by solid line) in Fig.12. This curve size differs from
the one obtained by graphical method, particularly in the
zone of the vehicle hull lean angle where real and assumed
relation between the torque of spring elastic forces and ve-
hicle hull lean angle differ significantly. This adduced to
conclusion that graphical procedure gives rather score.
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Figure 11. Approximation of the dependence of the torque on the vehicle 1
hull lean angle by third exponent equation
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Figure 12. Numerical procedure of determination of the relationship
between oscillation amplitude and vehicle velocity

In regards to this, it is proven that by numerical proce-
dure more correct results are obtained for even less vehicle
hull lean angle, so the numerical procedure can be used in

the angle section to +£0.045 rad.

These values of the oscillation amplitude obtained in the
numerical procedure are at velocities 0.2 m/s lower than
those obtained by the graphical procedure. For this reason, it
can be accepted that the part of the diagram up to the ampli-
tude of +£0.045 rad was obtained by the analytical proce-
dure, and over this value the authoritative amplitude was
obtained by the graphical procedure, provided that the re-
sponsive velocity was reduced by the value of 0.2 m/s.

Conclusion

By the graphical procedure for solving the forced oscilla-
tions for the tracked vehicle with the extremely non-linear
suspension characteristics which moves on a wavy surface,
the reduction of maximum oscillation amplitude was con-
cluded. The approximate numerical procedure can be used
for obtaining more accurate results in the low amplitude.
The forced oscillation of almost all light tracked vehicles
with torsion suspension, can be solved by the forced linear
oscillation method.
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Kretanje guseni¢nog vozila, nelinearne karakteristike oslanjanja po
talasastoj povrSini

Za gusenicno vozilo s naglaseno nelinearnom karakteristikom oslanjanja, grafickim putem je odredena zavisnost am-
plituda oscilovanja od brzine vozila koje se kreée po talasastoj povrSini talasne duZine jednake dvostrukoj duZini na-
leganja gusenice. PribliZni numericki postupak reSavanja nelinearnih oscilacija koris¢en je za korigovanje grafickog
postupka. Diskutovane su osobenosti oscilacija vozila s karakteristikom umerene nelinearnosti.

Kljucne reci: guseni¢no vozilo, oslanjanje vozila, sistem oslanjanja, oscilacije vozila, nelinearne oscilacije.

Le mouvement d’un véhicule a chenilles a caractere non-linaire
d’appui sur une route ondulante

Pour un véhicule au point d’appui accentué, par la voie graphique est déterminé la dépen - dance de ’amplitude
d’oscillation de la vitesse du véhicule qui se déplace sur une route ondulante dont la longueur d’ondes est égale a la
double longueur du chevauchement des chenilles. Pour corriger le procédé graphique on a utilisé le procédé numéri-
que approximatif dans la résolution des oscillations non-linaires. Les caractéristiques des oscillations des véhicules a

non-linéarité modérée ont fait I’objet des discussions.

Mots clés: vécule a chenilles, point d’appui de vécule, systéme d’appui, oscillation de vécule, oscillations non-linéaires.
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JBI>KEHME I'YCEHUNYHOU MAaIlIMHb] HEJIMHEVMHOM XapaKTEPUCTUKHU
IIOJBECKU I10 BOJTHUCTOM IIOBEPXHOCTHI

JIns TyceHMYHON MalIMHBI ¢ Ype3BLIYAHHO HEIMHEWHOH XapaKTepHCTHKOW NOMBECKH, rpachmueckmM METOIOM
OTIpefieicHa 3aBHCAMOCTh aMIUIUTYJ KojneGaHMS OT CKOPOCTH T'yCEHMYHOM MaliWHbl KOTOpasl ABHXKETCS IO
BOJIHUCTOH ITOBEPXHOCTEL, IIAHON HEPOBHOCTH PEBHOMI YIBOCHHOM IHHE Ga3bl (OOOPHOI MOBEPXHOCTH TYCEHHUIT).
TIpubnmKeHHBIi aHAMTAYECKBIA METOJ| PEINCHNS HENWHEWHBIX KOojleOaHWs MCIOTB30BaH AJII KOPPUTAPOBaHAE
rpacryeckoro meropa. PaccMarpuBanbl 0cOGeHHOCTH KonebaHuil I'yCEHHIHOM MAIIMHbI ¢ XapaKTEPUCTHKOHN yMep-
€HHOH HEJTMHEHOCTH.

Karwouesvle caoea: TyceHWYHas MalIWHBI, IMOABECKA MAIOWHBI, NMOABECKA, KOJEOaHMS TI'yCEHMYHOH MAIWHEI,
HeIWHeHHbIE KoacOanms.



