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Fuzzy control techniques are of interest for practical applications. Hence, it is important to understand their features.
In this paper some results of computer-experimental analysis of behavior of a fuzzy controller for the cart-ball
variant of inverted pendulum system are given. The impacts of changes in uncertainty in the controller are analyzed
experimentally: it has been found that the performances of the controller deteriorate mildly towards a certain
percentage of the rules that are removed, and that is opposite relative to the process with probabilistic uncertainty
model. Also, the robustness of the controller is analyzed experimentally: it has been found that the fuzzy controller is
more sensible to wrong, than to missing rules. Further, the results of the experiments with different shapes of primary
fuzzy sets membership functions are given: it has been concluded that the fuzzy system is sensitive to the changes of
shapes of those functions and that the optimal shapes exists. This result is a new one; it has not been given in the
references. To conclude, characteristics of the discussed PD fuzzy controller type are given. The conclusion, based on
the results of the computer experiments, is that the behavior of the fuzzy PD controller in the considered task is at
least as good as the behavior of the crisp (traditional) PD controller. The subjects for further research activities in the
considered paradigm are also pointed out.
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List of notation and symbols cey=(eyx—eyy_1)/Ts

— position error derivation

M —mass of the cart T, —sampling period
R —the radius of the rail arc u — controller output, control
y - length of the rails at the hard €0 = Qrs — —error in angular deviation of
) support vertical line of the ball, [rad]
y —the cart velocity lar deviati derivat
= _ driving force on the cart cep=(ep—ep1)/T, —angular deviation error derivation
m —the mass of the ball N — primary fuzzy set “Negative” (in
I — the moment of inertia for the ball, the IF pafrt of the rule)
2 z —primary fuzzy set “Zero”
(2/5) mr P — primary fuzzy set “Positive”
h ~ the radius of the ball SNO —output fuzzy set “Strong Negative
r —the rolling radius of the ball Output” singleton, (in the THEN
4 —the rolling angle of the ball part of the rule)
¢ e [-0.22, 0.22]rad — the angular position of the ball MNO —output fuzzy set :l\/!oderate
p < [-1 15]radisec - the angular speed of the bal 20 _ oot fuzzy st “Zorg Output”
\Y —the vertical reactive force between singleton
the ball and the arc MPO —output fuzzy set “Moderate
H —the horizontal reactive force Positive Output”, singleton
between the ball and the arc SPO —output fuzzy set “Strong Positive
g — the gravity, 9.81 m/sec? Output”, singleton
X —vector (cross) product
PD — proportional/derivative controller .
PID — proportional/integral/derivative Introduction
controller HE possibility of using fuzzy sets in modelling gradual
e —error (ey or ep) properties or softening constraints whose fulfilment is a
_ _ i matter of degree, as well as of information pervaded with
&Y =Yeet =Y error of (fart F)05|t|on imprecision and uncertainty, makes the theory of fuzzy sets
ce —error derivation (cey or cey) useful in many applications. Advances in computer science
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and in computer engineering make wider applications of
emerging techniques of intelligent control possible, which
requires quite considerable computer resources. The most
popular application domain of theory of fuzzy sets is fuzzy
control [1]. In many of such applications [2], expert knowl-
edge is coded as fuzzy expert IF-THEN rules, making a
fuzzy rule based expert system [3], which describes pro-
posed actions for different classes of situations, represented
by fuzzy sets. A fuzzy control element can perform the
same task as a proportional-integral-derivative (PID) con-
troller can, because a fuzzy controller implicitly defines
numeric function that connects control variable and ob-
served variables. The difference between classical and
fuzzy control techniques is in the way in which the control
law is obtained [4]. In the context of classic control, a con-
trol law is calculated using a mathematical model of the
considered process, while fuzzy-logic approach, which is in
agreement with artificial intelligence, suggests that the con-
trol law should be formed using expertise of a human op-
erator. The tuning of the PID parameters is usually done
heuristically, which, in some way is close to the fine-tuning
of fuzzy-logic controllers. But, the main difference between
a PID controller and a fuzzy controller is that the prior one
can attain only linear control law, while the latter can attain
not only linear, but non-linear laws also, which can explain
some of the better results of the fuzzy controller compared
to the PID controller. Any kind of control law can be repre-
sented by fuzzy control technique, provided that this control
law can be represented by "IF-THEN" expert rules. Expert
system approach based on fuzzy logic differs from the stan-
dard expert system approach through the existence of an in-
terpolation mechanism from several rules. The control part
of a fuzzy-logic controller models linguistic, rule based
control. The interpolation mechanism enables the function,
simulated by the control part, to remain continual, just like
in the case of classic control. In the situation when complex
process is considered, it may turn out to be more practical
to get the knowledge from a human operator, than to use
the mathematical model in order to calculate the control.
The reasons for that can be smaller modelling costs in the
first case, or the fact that it is impossible to formulate the
model.

The base paradigm of the mechanism of fuzzy control
and the idea of representing control knowledge using the
base of fuzzy rules, are given in [5]. In that paper, the char-
acteristic reasoning mechanism is introduced, so that the
class of fuzzy systems is called Mamdani's systems. The
basic idea of Mamdani's system consist of decomposition of
the input domain by partitioning of input variables in the IF
part of an expert IF-THEN rule, and of assigning to each
fuzzy domain input a fuzzy value of an input variable.

In [6], it was for the first time pointed to the problem of
fuzzy controller stability, the problem which still has re-
search attractiveness.

In [7] the technique of fuzzy controller design consisting
of two steps was introduced. In the first step, a controller is
designed in such a way that it shows approximately the de-
sired characteristics, while, in the second step, the fine tun-
ing of the system is performed in order to get the system
with optimal response.

In [8], the reasoning mechanism, which is an alternative
to the mechanism in Mamdani's system, is introduced - the
first alternative in the sequence of alternatives which fol-
lowed. The class of fuzzy systems with this reasoning
mechanism is called Larsen's systems. An overview of rea-
soning mechanisms in fuzzy controllers is given in [4].

Organization of the paper is as follows: after the intro-
ductory remarks, the paradigmatic cart-ball system is de-
scribed. This system belongs to the inverted pendulum class
of systems. Two kinds of description of the cart-ball system
are given: the mathematical model and the fuzzy model.
Next, some results of computer-experimental analysis of
behaviour of the fuzzy controller of the cart-ball system are
given. The influence of uncertainty changes in the fuzzy
system is analyzed first, and then the results of an analysis
of the changes in robustness are given. The influence of
changes in shapes of membership functions of fuzzy sets
from input domains has also been analysed. Conclusions,
based on the results of the computer experiments, as well as
the subjects for further research activities are given.

Description of Cart-Ball System

Computer experiments are performed with the controller
of the system for ball balancing—system which belongs to
the class of inverted pendulum systems. The software im-
plementations of control systems in MATLAB are used for
experiments, [9]. These software implementations emulate
an electro-mechanical system, which consists of a cart with
a ball on an arc. The ball is rolling across the arc made of
the pair of parallel rails, fixed on the cart, Fig.1.

The cart-ball system is controlled with the aim to keep
the ball in balance on the top of the arc, and, at the same
time, to set the cart in the desired position on its path.

Figure 1. The cart-ball system
A known global general diagram of the considered con-
trol system is depicted in Fig.2. A control variable (at Fig.2,
u(t), where t is time), is an output of the control element,
a controller, and is used as an input of the controlled object.

controlled

referential  error control
variahie

input signal variahle

CONTROLLED

oot OBJECT ¥
FEEDBACK

Figure 2. A global general diagram of the control system including a
controller

The described problem, which belongs to the class of in-
verted pendulum problems, is often used as a test problem
for different kind of controllers, as sales material for fuzzy
design tools, and for teaching. This is due to the fact that
the system enables easy observing of the processes in it,
even though it is fairly difficult to solve. The inverted pen-
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dulum system represents the paradigm of systems in unsta-
ble equilibrium, often present in military, industrial, and
other systems. Such military systems in unstable equilib-
rium are control systems present in rockets, airplanes or on
ships (autopilots). An example of such a system in indus-
trial processes is a control system used in chemical reac-
tions, where a mixture develops heat itself (exothermal)
near the desired temperature; without controller the reaction
either stops or it runs away.

Mathematical model

The mathematical model of dynamics of the system de-
picted in Fig.1 is obtained on the bases of fundamental
physical equations describing the physical state of the sys-
tem. The mathematical model is obtained by linearization,
neglecting the members with insignificant influence. The
system dynamics is characterized by: y - the cart position

relative to the referential initial point, and ¢ - angular de-

viation of the ball from the vertical line. The system is in
balance when y=0, ¢ =0, and the driving force on the

cart, F=0.

Figure 3. Modelling the rotational ball movement: the arc resistance,
reactive force between ball and the arc, is decomposed to two components,
V and H

The basic physical equations, which describe the cart-
ball system depicted on Figures 1, 3 and 4 and with given
cart-ball system features, are:

[ 57
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Figure 4. The arc, |
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Further more, horizontal reactive force between the ball
and the arc, H , is:
H=F-My. 2

At the contact point between the ball and rails, the fol-
lowing momentums annul, Fig.3:

M =M, +M,,
where
My =V xF, My =H xF, (3)
so, it holds:
l-w=(Vsinp—Hcosg)-r. 4)

Beside the rotation, the ball also moves translatorily (it
falls), so it is:

m-(y+(R+r)-(¢-cosp—@*-sing))=H , (5)

m-((R+r):(-¢-sinp—¢*-cosp)) =V -mg,  (6)

Eliminating V, H and w the two equations are ob-
tained:

Y(M +m)=-m-(R+r)-(¢-cosp—¢@°-sinp)+F, (7)
@-1-(R+r)/r=
=m-r-(R+r)-(-psin®*p—¢* -sinpcosp)+  (8)

+mrg sin ¢ + Mry cos ¢ — Fr cos ¢

The model is set in the vicinity of its equilibrium state,
(¢ small). With a maximum value of ¢ equal 0.22 rad, it

is permissible to set:
sin? =0, sinp~g,
and
cosp~1 ©)

The influence of the terms having ¢’ as a factor is less

than one percent. Consequently, these terms are neglected,
so the two equations now are:

yM+m)=—m-(R+r)-p+F, (10)

@-1-(R+r)/r=mrge+ Mry—Fr (11)
Substitution of (10) in (11) gives:

. (M +m)mr?g B
T R+nMmZ+M+m)1 ¥

(12)
—mr?

C(R+r)(Mmr2 +(M +m)l F
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—IF xlis Alland...andxnisAln THEN  is B, [— 1

AGGREGATION

fuzry —[F xis 4, and..and X, is 4, THEN yisB—1

input
input
XinX®| FUZZIFIER |+ A% X"

\ owiput
@f— DEFUZZIFIER —yﬂ

—FxisA and.adxisd THEN yis,— '

Figure 5. The basic configuration of fuzzy systems

Substitution of (12) in (10) gives:

. -m?r? 2
j = . g mr< + | = (13)
Mmr< +(M +m)l

Mmr? + (M +m)l

Equations (13) and (12) can be written as follows:

§=ap+bF, (14)
¢=cp+dF, (15)
where:
—_m?2r? 2
Q- 2m reg ’ _ 2| +mr 1 (16)
Mmr® +(M +m)l Mmr® +(M +m)l
_ (M +m)mr?g
(R+r)(Mmr? +(M +m)l)’
—mr?

d= .
(R+r)(Mmr? +(M +m)l)

Four state variables are introduced: x, =y, X, =y - the
cart speed, x; =@, X, = ¢ - the speed of the angular devia-
tion of the ball. Output variables are y, =y Yy, =¢ and so
the mathematical model of the system dynamics is:

X = Ax+BF

y =Cx a7

x:[x1 X; X3 X4]T, y=[y1 Y2]T,

1000
’C‘[0010}

where, (please, see List of notation and symbols and Fig.1):
M =3,1kg ; R=0,5m; ye[-0,6 0,6]m;

aB:

>

Il
O O O o
O O O

0
0
1
0

O OO
O OT o

Bm¥
fuzzy outpui
Br
ye[-15 L5]m/sec m=0675kg; |=(2/5)mr’ =
=0,204%10°% kgm?; r,=0.0275m; r=0.025m;

¢ e[-0.22,0.22] rad; ¢ €[-1,1.5] rad/sec and

g =9.81 m/sec? . Based on these values, for constants a, b,
¢, and d, the following values are obtained: a=-1.34;
b=0.301; c=14.3; d =-0.386.

The traditional controller can be formed on the basis of
values of state variables in the cart-ball system. This con-
troller generates desired control signal, u, i.e. driving force
F which drives the cart (proportional-derivative, PD, con-
troller). The controller's operation is based on the influences
of the position, y, and of the speed, Y, of the cart, amor-

tized by the influences of the angular position ¢ and angu-
lar speed, ¢, of the ball.

Fuzzy model

The cart-ball system dynamics, instead by the mathe-
matical model (17), can be described by a fuzzy system [3],
Fig.5. The flow of information in the fuzzy system, Fig.5, is
from left to right. The aggregation of the output fuzzy sets
B/, i=12,..r isdone, where r is the number of rules.

The input fuzzy set A', Fig.5, is mapped to the output
fuzzy set B by fuzzy inference. An implementation of that
mapping is specific for each type of fuzzy system, and is
based on fuzzy logic.

Fuzzy systems based on IF — THEN rules, Fig.5, are
many-inputs-one-output systems, they map X < R", where
R is the set of real numbers, onto Y cR. The set
X=X"=X;x..x X, is an input variable space, a multidi-
mensional universe of discourse, and the set Y is an output
variable space. The multidimensional (n dimensional) in-
put fuzzy set A’ is, hence, generated in a process of optional
fuzzification, in case when there is not A" at the input, but
a multidimensional input signal x'=[ X ,..., X, ]JeX. In some
systems, an input signal can be given directly by the multi-
dimensional fuzzy set A’=[Ay, Ay,..., Anl.

Each fuzzy IF-THEN rule from the rule base, Fig.5, de-
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fines fuzzy implication Ayx.x A, = B, i=12, .., r,
given by the fuzzy set defined in the product space X x Y,

where Aij ,J =12, ..., n, are fuzzy sets in IF parts of the

rules (primary fuzzy sets). Fuzzy inference engine gives an
output fuzzy set B, based on: 1) rules of fuzzy logic, 2) the
fuzzy input, A} 3) IF-THEN rules in the rule base, 4) a
compositional rule of inference and 5) an aggregation of
fuzzy sets B'; in fuzzy set B. If the Zadeh's inference rule is
used for the compositional rule of inference, each rule R;
specifies a fuzzy set B;”for input facts A’ given by the fol-
lowing membership function, i=1,2, ..., r:

g (Y) = Stip[min{m e () = 15 ()] (18)

Some t-norm [3], usually min, can be used in the expres-
sion (18) in order to model the connective AND between
premises in IF part of the rule. Mamdani's (min) or Larsen's
(product) operator is usually used for the fuzzy implication.
Implicitly, the connective also is assumed between the
rules, and this connective is the most often interpreted as
the aggregation operator OR, and modelled by a t-co-norm
S, [3] usually by the operator max. The output fuzzy sets B;”
are aggregated in the overall fuzzy set B, the output fuzzy
set of the fuzzy system, (19):

#s (Y) =S (usy (¥)) (19)

That is the way in which a fuzzy reasoning method is
implemented.

It is not sufficient, in some applications, to have the
fuzzy set B at the output of a fuzzy system. The crisp output
value may be required. The optional defuzzification gives
the crisp output value y, based on the output fuzzy set B. At
the widest application of the fuzzy expert systems, at fuzzy-
logic controllers, the crisp output value is necessary, be-
cause control is done using crisp values.

As it is known, in general, the basic idea of the discrete
PID controller is to choose the control law by considering

an error e(kT ), change-of-error
ce(KT)=((kT)—e((k-1)T))/T (20)
and the numerically approximated integral of error
ie(kT)=ie((k-1)T)+Te((k-1)T), (21)

where T is the sample period.
The PID control law is

Upip (KT ) = K, *e(KT )+ Kp *ce (KT )+ K, *ie(kT ) (22)

where up, (kT) is the controller output, K, is propor-

tional constant, K, is a derivative constant and K, is an
integral constant, defined by characteristics of the process.
For a linear process, the parameters K,, Ky, and K, are

designed in such a way that the closed loop control is sta-
ble. In the case of the nonlinear processes, which can be
linearized around the operating point, conventional PID
controllers also work successfully. However, the PID con-
troller with constant parameters in the whole working area
is robust, but not optimal. Hence, tuning of PID parameters
has to be performed.

The output of the fuzzy controller u(kT) is given by the
following expression:

u(kT)=g(e(kT), ce(kT), ie(kT)) (23)

where ¢ is a nonlinear function determined by fuzzy pa-
rameters.

The cart-ball system controller may be implemented as a
fuzzy controller, a kind of fuzzy systems, which corre-
sponds the traditional PD controller.

The control goal of any controller is to regulate some
process output around the setpoint or reference. In the con-
sidered case single input - single output control exists. The
inputs of the fuzzy PD controller are the error

e(KT) = prer (KT)— p(KT), (24)

and the change_of error ce(kT), the expression (20),
where p. is setpoint value (y,4 Or ¢, ), and p(kT) is

the process output at t=kT , T is a sample time. The
structure of a fuzzy PD controller is given at Fig.6. A block
denoted by f at Fig.6, is a knowledge base, and ge, gce

and gu are gains, which correspond K,, Ky, parameters

in (22),and K, =0.

In the considered case of the cart-ball system, universes
of discourse of variables are the sets of observed values.
Each input variable may take values from the set of fuzzy
sets associated to it. The output variables take their values
from the set of fuzzy singletons (one-element sets). The
number of the controller inputs, that is, the number of in-
puts in the rule base, determines the number of basic prem-
ises in the IF part of the rule, i.e. the dimensions of the ta-
ble. Hence, the controller is implemented as the connection
of two fuzzy PD controllers, the cart controller, and the ball
controller. For the cart controller the following denotations
holds: the inputs are y and Y, that is, the error e= vy, — v,

and the error derivation ce = (e, —e,,)/T,, T, —is the sam-

pling period, and the output is denoted as u. For the ball
controller it holds: the inputs are ¢, that is, the error

e=gq —@, and the error derivation ce=(e,—e,,)/T;,

the output is u . Positional fuzzy PD controllers have iden-
tical structures, shown in Fig.6.

p uU
CE

v gee ,
. /

Rule base

Figure 6. The structure of the considered fuzzy controller

For the fuzzy PD controller from Fig.6, ge, gce, and
gu are gains, and the function f represents input-output

mapping of fuzzy controller implemented by the following
rule base:

R1:IFeis N AND ceis N THEN u is SNO,
R2: IFeis N AND ce is Z THEN u is MNO,
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R3:IFeisNAND ceisP THEN u is ZO,
R4:IFeis Z AND ce is N THEN u is MNO,
R5:IFeisZAND ceisZ THENu is ZO, (25)
R6: IF e is Z AND ce is P THEN u is MPO,
R7:IFeisP AND ceis N THEN u is ZO,
R8: IF e is P AND ce is Z THEN u is MPO,

R9: IFeis P AND ce is P THEN u is SPO,

Having a computer implementation on mind, it is more
convenient to represent the upper rule base as a table, [10],
Table 1, and so the tabular fuzzy controller is obtained. The
main feature of a tabular fuzzy controller is that a rule base
is given by a table, for example in the case of (25) where
the number of rules is n=9, by the Table 1, with dimen-

sions 3x3:

Table 1. Tabular fuzzy controller’s rule base

e ce —
! N z P
N [ sSNO MNO Z0
z | MNO Z0 MPO
P Z0 MPO SPO

1

u

Table 1 with 9 rules is interpreted in such a way that, for
example, the seventh rule is

R;:IFeisP AND ce isN THEN u is ZO. (26)

Linguistically expressed, this seventh rule (for example,
in the ball controller) is:

R-: IF the ball is on the right side AND
is moving left THEN do not apply the force on the cart. (27)

In order to have the upper interpretation of the seventh
rule (25), (27) clear, the meanings of the denotations from
the rule base (25), Table 1, should be given. In the rule base
the labels N, Z and P are labels of the primary fuzzy sets in
IF part of the rules (N for Negative, Z for Zero, and P for
Positive). Fig.7 depicts the membership functions of these
fuzzy sets, which map each element of the universe of dis-
course in the corresponding value of the membership de-
gree.

The labels SNO (Strong Negative Output), MNO (Mod-
erate Negative Output), ZO (Zero Output), MPO (Moderate
Positive Output), and SPO (Strong Positive Output) are la-
bels of output fuzzy sets, singletons, Fig.8

4o 50 0 50 100
e, ce

Figure 7. Triangular fuzzy sets.

SNO MNQ Z0  MPO  SPO

ng
né
n4
nz
]

=200 -100 a 100 200

Figure 8. The output sets, singletons.

Table 1 is another way of representing the rule base (25).
This representation of a rule base is the basis for improving
controller execution speed by its computer implementation
as a table based controller. The run-time inference is re-
duced to a table lookup, which is a lot faster than finding
the necessary rules in the rule base in the form like (25), at
least when the correct entry can be found without too much
searching. An execution speed improvement is realized
through realization of the so-called look-up table, using a
rule base in the form given by table, like Table 1. If the
universes of discourse in a fuzzy controller are discrete, it is
always possible to pre-calculate all thinkable combinations
of inputs and their consequences before putting the control-
ler into operation. The relation between all input combina-
tions and the output are arranged in a look-up table. With
two inputs and one output, like in the considered problem,
the look-up table is a two-dimensional look-up table. With
three inputs, as in the fuzzy PID controller, the table is
three-dimensional. Look-up table obtains improvement in
execution speed whether the controller is implemented in
software or in hardware.

A look-up table is based on a representation of input
variables universes of discourse by discrete points. In this
case, the trade-off should be made between accuracy and
computer resources demand.

In the considered problem, no matter which form of the
rule base is used, (25), or given by Table 1, the conjunction
AND in "IF" parts of the rules is interpreted as the t -norm
min. Inference is in the form of sum-multiplication, that is,
Larsen's fuzzy system is used. The system input values are
the crisp values, and that is the reason for fuzzification of
input values in fuzzy singletons. Defuzzification, [12], is
done using Center-of-Gravity-with-Singletons method. So,
the following expression holds:

Z#(Si)si

where: s, — is the position of the i -th singleton in the do-
main, and x(s,) is the activation level of the i -th rule.

As the measure of quality of the system response, deter-
mined by the quality of the rule base, usual performance in-
dex is used, Integral Absolute Error, IAE, given by the fol-
lowing expression:

(28)

N
IAG = ﬁZ\e(kT)

k=1

: (29)

where N is the number of samples, and time ist = kT .

The smaller IAE, the better the system performance. The
value IAE is used to compare transient responses, obtained
under different conditions, or for different values of pa-
rameters, which have been changed, for the same stop time.



22 D.Z.SALETIC: RESULTS OF COMPUTER-EXPERIMENTAL PERFORMANCE ANALYSIS OF A TYPE OF FUZZY CONTROLLERS...

On the bases of observation of the response quality measure
of the system IAE, through the experiments, the behaviour
of the fuzzy controller was observed.

Results of computer experiments

For computer experiments the MATLAB for Windows
software implementation consisting of two parts was used:
1) the implementation of the traditional PD controller of the
cart-ball system based on the model (17) and, 2) the imple-
mentation of the fuzzy controller in the rule version (25),
and in tabular version, (Table 1). The performances of these
controllers have been compared. The fuzzy PD controller
can have slower response time and smaller overshoot, than
its traditional counterpart. The control signal coming from
the fuzzy controller is smoother than the control signal
coming from the traditional controller. As the traditional
PD controller is, the fuzzy controller is also sensitive to
noise and to sudden changes in the referent value vy, . In

general, the fuzzy PD controller is expected to behave as
least as good as the traditional (the crisp) PD controller.
This is theoretically based on the fact that some fuzzy sys-
tems are universal approximators, [11]. The described fuzzy
PD controller is among such fuzzy systems. Inputs to the

fuzzy PD controller, Fig.6, are the error e, and the deriva-
tive of the error de/dt, usually called the change in the er-
ror ce,, expression (20). The controller output is the control
signal u, , which is a nonlinear function of ¢, and ce,

u, = f (e, ce,) (30)

The function f is the set of implications in the rule base

of the fuzzy controller, Fig.6. A linear approximation of a
fuzzy PD controller is the controller where the control sur-
face is replaced by a linear plane. This is equivalent to re-
placing the rule base f with an ordinary summation, see

also Fig.6:
U, =(gexe, +gcexce,)*qu . (31)

The expression (31) is similar to the expression for a PD
controller (expression (22) for K, =0, and adequate values

of ge, gce,gu,K,,Kp). So, for a linear fuzzy PD controller

it should be possible to have the same response as its crisp
counterpart. Generally, having in mind that the range for ¢

.in fuzzy PD controller is not restricted to [-0.22 rad, 0.22
rad] (the expressions (9), for the crisp PD controller), it is
expected that a fuzzy PD controller performs at least as
well as a crisp PD controller.

The fact that some fuzzy systems are universal approxima-
tors may also be the basis for generation of a new program-
ming paradigm, a fuzzy rule based programming paradigm.

If the behaviour of the fuzzy controller implemented
with the rule base (25) is compared with the behaviour of
the tabular fuzzy controller with same rules, Table 1, [10],
for this relatively small rule base, it has been noticed that
the tabular controller is faster for 0.01 sec relative to the
first one, using software implementations on PC at 300
MHz. It is expected that this effect should be stronger if the
larger rule base is considered.

The fine-tuning of the fuzzy controller has been done.
The fine-tuning is done heuristically, [1], and the gains in
the fuzzy ball controller, Fig.6, are obtained: ge, =230,

gce, =45, gu, =0.5. For optimal fuzzy PD controller the
value of the performance index is obtained: IAE=4.0855,
for the starting conditions:y=0m,y=0m/s,p=12°,

¢=0"/sec .

Analysis of changes in uncertainty

In order to analyze the influence of uncertainty changes
on the behaviour of the considered fuzzy system, some
rules have been removed from the rule base given by Table
1. That corresponds the enlarging of the uncertainty in the
system. The fuzzy controller behaviour has been changed
with the increasing of the uncertainty. The performance in-
dex IAE has been observed as the indicator of system per-
formances. If the rule base (25) (Table 1) has been replaced
with the rule base with 7 rules, given by Table 2,

Table 2. Look-up table with removed rules
e ce —

! N z P
N / MNO Z0
z | mMNO Z0 MPO
P Z0 MPO /

1

u
then IAE=4.1392. So, the performance index IAE is increas-
ing. The growth is mild until the percentages of the re-
moved rules reach 60% of the number from the beginning.
In the case of the probabilistic uncertainty model, [13],
which contains the member with the noise @, , the value of

variance of the noise should be assumed. If Var(ew,) in-

creases, the state equations of the system expresses a
greater uncertainty. In the probabilistic model of uncer-
tainty, quadratic root of the mean quadratic error of the out-
put represents the integral index similar to the index IAE,
used in this paper. The growth of the quadratic root of the

mean quadratic error, with the growth of Var(w,), for

small values of Var(a,) is large, and than this growth is

mild, hence, an opposite process relative to the process with
fuzziness.

Robustness analysis of fuzzy control rules

The robustness of the considered fuzzy system, fuzzy
controller, has been investigated by inserting the wrong
rules in the rule base, which corresponds to the situation
when there is a lack of correct expertise, or when the prob-
lem is highly non-structural. For the rule base with two
wrong rules (3" and 7™.), given by Table 3, instead of the
rule base given by Table 1, the value of the performance

Table 3. Look-up table with wrong rules
e ce —

! N z P

N[ sNO MNO MPO

z | mMNO Z0 MPO

P MNO MPO SPO
1

u

index IAE=4.6 is obtained. The fuzzy controller is more
sensitive to wrong, than to missed rules. In case of wrong
rules, the fuzzy system adjusts relatively quickly, and it is
partly stable.
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Results of some other analyses

In the software simulation of the fuzzy PD controller, the
experiments were organized with the different shapes of
primary fuzzy sets membership functions, [14].

For the described controller parameters, and primary
fuzzy sets membership functions given by Fig.7, the error
e is obtained as given by Fig.9. It has a small overshoot,
and the performance index is IAE = 4.1392.

2

os 1 15 2 25 3 35 4 45 5
Time [sec]

Figure 9. Error of the output relative to the setpoint value, for triangular
fuzzy sets.

In experiments, the shapes of membership functions of
primary fuzzy sets were changed. For the trapezoidal pri-
mary fuzzy set, Fig.10, the error diagram is very similar to
one given by Fig.9, with relatively smaller overshoot and
better performance index, IAE= 4.086.

N Z P

1
0a8f
06
0.4r
02r

u}

-100 -a0 u} a0 juln}

Figure 10. Trapezoidal input fuzzy sets

For the nonlinear (bell shaped) primary fuzzy set, Fig.11,
the error diagram is given by Fig.12, with much worse
characteristics and 1AE= 14.4621.

N Z P
1
0B
0B
0.4
0.2

u}
-100 -a0 u} al 100

Figure 11. Nonlinear input fuzzy sets

Error
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05 1 15 2 25 3 35 4 45 5
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Figure 12. Error of the output relative to the set point value, for the bell
shaped input fuzzy sets.

For the nonlinear (flatten bell shaped) input fuzzy set,
Fig.13, the error diagram is given by Fig.14, with IAE=
5.9692.

N Z P

.
0Bl
06}
o4}
oz}

0

-100 -50 0 50 100

Figure 13. Flatten bell shaped input fuzzy sets.
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Figure 14. Error of the output relative to the setpoint value, for flatten bell
shaped input fuzzy sets.

For combined linear and nonlinear input fuzzy sets,
Fig.15, the error diagram is similar to the one given by
Fig.9, IAE = 4.2018.

, N Z P
0.8
0B
0.4
0.2
-QDD -50 u] 50 100

Figure 15. Combined linear and nonlinear input fuzzy sets
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Figure 16. Different singletons as output fuzzy sets
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Figure 17. Error of the output relative to the set point value, for the
combined input fuzzy sets and changed output singletons.
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For combined linear and nonlinear input fuzzy sets,
Fig.15, and changed output fuzzy sets, singletons, Fig.16,
the error diagram is smooth, nice, with no overshoot,
Fig.17, and that controller results with the best IAE=4.0855,
among the cases experimented with.

From those experiments, it is obvious that the fuzzy sys-
tem is sensitive to changes of shapes of the membership
functions of primary fuzzy sets, and that optimal choice of
the shapes for the considered fuzzy system exists. This result
is a new one; it has not been given in the references.

Conclusions

The computer model of the kind of inverted pendulum
system, implemented as the cart-ball system has been con-
sidered. As result of computer experiments with fuzzy PD
controller used to control the cart-ball system, it can be said
that when uncertainty increases in the fuzzy system, the
fuzzy controller shows first mild, and than more intensive
performance aggravation. Also, the robustness of the con-
troller is analyzed experimentally by inserting the wrong
rules in the rule base: it has been found that fuzzy PD con-
trollers are robust; they adjust to the disturbances generated
from incorrect rule base and that the fuzzy controller is
more sensitive to wrong, than to missed rules. Further, the
results of the experiments with different shapes of primary
fuzzy sets membership functions are given: it has been con-
cluded that the fuzzy system is sensitive to changes of
shapes of those functions and that the optimal shapes exists.
This result is a new one, it has not been considered in refer-
ences till now.

It can be said that, in general, it is expected that the
fuzzy PD controller is at least as good as the traditional PD
controller, because linear fuzzy PD controller should have
the same response as its crisp PD counterpart.

Some interesting research problems have been noticed.
One of them is the problem of performance study of other
types of fuzzy controllers, for example, of fuzzy PID con-
trollers. Performances of fuzzy controllers which consist of
several fuzzy controllers are also an interesting research
problem. In the problem considered in this paper, the ball is
rolling across the arc made of a pair of parallel rails, fixed
on the cart, that is in the plane. One of the directions of the
generalization is to consider the ball rolling across the half
ball that is in the three-dimensional space. From the appli-
cation point of view, it is interesting to consider the prob-
lem of inverted pendulum implemented as the system cart-
pole, where the flexible pole is hinged on a movable cart.
Flexibility of the pole introduces additional complexity into
the system. Results obtained in such research tasks may be
of interest for realizations of different kinds of electro-
mechanical systems.

In the paper, a possible research direction in the domain
of computer engineering has been indicated. The conclu-
sion based on the experiments, where, generally speaking it

is expected that the fuzzy PD controller performances are at
least as good as those of the traditional PD controller, is
theoretically based on the fact that some fuzzy systems are
universal approximators. This fact may also be the basis of
generating a new programming paradigm, a fuzzy rule
based programming paradigm.
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Rezultati ra¢unarsko-eksperimentalne analize performansi jedne
vrste rasplinutih regulatora sistema inverznog klatna

Metodi rasplinuto-logi¢kog upravljanja su od interesa za praktiéne primene. Stoga, vazno je znati njihova svojstva. U
ovom radu dati su neki rezultati ra¢unarsko-eksperimentalnih analiza ponasanja rasplinutih-logi¢kih regulatora
sistema inverznog klatna u varijanti kolica-loptica. Eksperimentalno je analiziran uticaj promena u neizvesnosti u
regulatoru: uoéeno je da se performanse regulatora neznatno pogorsavaju do izvesnog procenta uklonjenih pravila,
§to je suprotno u odnosu na proces sa probabilistickim modelom neizvesnosti. Takode, eksperimentalno je analizirana
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dati su rezultati eksperimenata sa razli¢itim oblicima funkcija pripadanja primarnih rasplinutih skupova: zakljuéeno
je da je rasplinuti sistem osetljiv na promene oblika ovih funkcija i da postoje optimalni oblici tih funkcija. Ovo je
novi rezultat: taj rezultat nije dat u literaturi. Kao zaklju¢ak rada date su karakteristike diskutovanog rasplinutog
PD regulatora. Zaklju¢ak, zasnovan na rezultatima raéunarskih eksperimenata je da je ponaSanje rasplinutog PD
regulatora, primenjenog u razmatranom problemu, bar tako dobro kao ponaSanje jasnog (tradicionalnog) PD
regulatora. Ukazano je na moguée pravce daljih istrazivanja u razmatranoj paradigmi.

Kljucne reci: ekspertni sistem, rasplinuta logika, rasplinuti sistem, rasplinuti regulatori, robusnost sistema.

PesynbTaThl BBIYACINTEIBHO-9KCIEPAMEHTAILHOTO aHAIN3a
XapaKTEPUCTHUK OJHOI'O COPTA Pa3MbIThIX KOHTPOJIJIEPOB CUCTEMBI
VHBEPTHUPYIOWIErO MAsITHUKA

MeTopp! pa3MBITO-JOTAIECKOrO YIIPaBIeHHS OT GONBIIOro HHTepeca L IpaKTAIeCKAX NPAMEHEHNH, i H3-3a TOTO
OdYeHb BaKHO 3HATHh HX OCOOEHHOCTH. B aTOll paGoTe IpHBENicHHI HEKOTOpBIE PE3yIbLTaThl BEIYACIHTEIBHO-
SKCIHEPHMEHTANHOIO AHANN3a MOBEJEHUS Pa3MBITBIX - JIOTHYECKAX KOHTPOJUIEPOB CHCTEMbl HHBEPTHPYIOLIETO
MadgTHEKAa B BapHaHTEe TeleXKa-MapuK. OKCIEPHMEHTAIbHO aHAlW3HpOBAaHO BIHUSHHE H3MCHEHHA B
HEH3BECTHOCTH B KOHTPOJIEPE: OOHAPYXEHO, YTO XapAKTEPUCTHKH KOHTPOJJIEPA HE3HAUMTENLHO YXYAIAIOTC A0
OIpEJIcNICHHOT0 IPOIEHTa YCTPaHEMBIX NpaBWI, YTO OPOTHBOHONOXHO IO OTHOMCHHIO K Hpomeccy C
npo6abaINCTHYECKOH MOMENBbI0 HEW3BECTHOCTH. TakXke, 9KCIEPHMEHTAJNBLHO aHAIM3MPOBAHA KUBYJYECTh
KOHTpOILIEpa: OOHapyXeHO, YTO Pa3MBIThI KOHTPOJLIED ABIseTCd Gollee TyBCTBATENbHBIM Ha OMMG09IHOE, 9eM Ha
HeXBaTaollee NOpaBuio. [lanbine, 37eCh NPHUBEAEHbI PE3YNbTAaThl IKCIHEPHMEHTOB CO PA3IMYHbIME opMaMu
¢yHKUMiT NpEHANIEKHOCTH MPAMAapHBIX Pa3MBITHIX KOMILIEKTOB: CAelaH BBIBOJ, 9TO pa3MbITasd CHECTeMa Golee
9yBCTBHTE/IbHA Ha M3MeHeHns (opM STHX (DYHKIMHA U YTO CYIIECTBYIOT ONTAMAJIbHbIE (hopMBI oTHX hyHKIMIL. ITO
HOBBIA pe3yNbTaT: 3TOT pe3ydbTaT He IpHBEeNeH B juTeparype. Kak BeIBom 3Toll paGoThl IpHEBENEHBI
XapaKTepUCTHKH oOcyxjeHHOro pasmeiToro IIJ xonTpomrepa. BemBoj, o6ocHOBaH Ha pe3ymbTaTax
BBIMACIHATENBHBIX 9KCICPHMEHTOB, TaKoH - MoBeficHMe pasMmeIToro IIJl KoHTpomnepa, NpAMEHIEMOrO B
paccMaTpuBaeMoii poGieMe, TaKOe XOpolmiee MO KpaifHe# Mepe Kak moBejfieHme sicHoro (TpapmimonHoro) ITT
KOHTpolTepa. 3fech yKa3aHO Ha BO3MOXHbIe NyTH (Kypchl) pAanbHefimmx (GymyImux) HCCIefOBaHWEA B
paccMaTpHBaeMo¥ apajurme.

Karouesvte caosa: cACTeEMa CIEOUANTHCTOB, pa3MbITas JIOrUWKa, pasMbITas CHCTEMA, Pa3sMBIThIE KOHTPOJLIEPHI,
XKABYICCTH CUCTCMBI.

Les résultats de I’analyse informatique expérimentale des
performances d’une sorte de régulateurs diffus chez le systéme de la
pendule intervertie

Les méhodes du contrdle logique diffuse peuvent étre de I'intérét dans I’usage pratique.C’est pourquoi il est
important de connaitre leurs propriétés. Dans ce travail sont donnés des résultats des analyses numériques du
comportement des régulateurs logiques diffus chez le systeme de la pendule intervertie en variante chariot-balle.
L’analyse est basée sur les essais expérimentaux concernant I’influence des changements de I’incertitude du
régulateur : on a constaté que les performances du régulateur s’empirent un peu jusqu’a un pourcentage des régles
supprimées, ce qui est opposé au proces avec le modele de I’incertitude probable. On a également analysé par voie
expérimentale la robustesse du régulateur ; on a constaté que le régulateur diffus est plus sensible a la regle inexacte
qu’a la régle qui manque. Ensuite on a donné les résultats d’essais des différentes formes de fonctions faisant partie
des assembles diffus primaires ; on a conclu que le systéme est sensible aux changements des formes de ces fonctions
et que les formes optimales de ces fonctions existent. Ce résultat est nouveau : il ne figure pas dans les livres de
spécialités. Pour finir, on a donné les caractéristiques du régulateur PD diffus. La conclusion, basée sur les résultats
des essais numériques, est que le comportement du régulateur PD diffus est aussi bon que le comportement du
régulateur concis (traditionnel). On a aussi indiqué les possibilités des futures recherches dans le paradigme
considéré.

Mots clés: systéme d’expert, logique diffuse, systeme diffus, régulateurs diffus, robustesse de systeme.
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